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1. Introduction 

Let H be an algebraic cohomology theory endowed with Chern classes Ci such 
that for any two line bundles Ci and £2 over a variety X we have 

(1) Ci(£i®/:2)=Ci(£i)+C2(/:2)- 

The basic example of such a theory is the Chow group CH of algebraic cycles modulo 
rational equivalence. 

Let G be a split semi-simple linear algebraic group over a field k and let T be a 
split maximal torus inside G contained in a Borel subgroup B. Consider the variety 
G/B of Borel subgroups of G with respect to T. In two classical papers Q and Q 

The first author was supported by EPSRC grant EP/E01786X/1. The second author is sup- 
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Demazure studied the cohomology ring H(G'/-B;Z) and provided an algorithm to 
compute H(G/-B;Z) in terms of generators and relations. 

The main object of his consideration was the so called characteristic map 

(2) c: S*{M) -^H{G/B;Z), 

where S*{M) is the symmetric algebra of the character group M of T. In De- 
mazure interpreted this map from the point of view of invariant theory of the Weyl 
group W of G by identifying its kernel with the ideal generated by non-constant 
invariants S*{M)^ . The cohomology ring H(G/i3;Z) was then replaced by a cer- 
tain algebra constructed in terms of operators and defined in purely combinatorial 
terms. 

In the present paper, we generalize most of the results of to the case of an 
arbitrary oriented cohomology theory h, i.e. when (|l|) is replaced by 

where F is the formal group law associated to h. Such theories were extensively 
studied by Levine-Morel [Q, Panin-Smirnov Merkurjev |Q and others. Apart 
from the Chow ring, other examples include algebraic if-theory, etale cohomology 
,^„i), {m,char{k)) — 1, Morava if-theories, connective ii'-theory, elliptic 
cohomology and the universal such theory: algebraic cobordism fl. 

To generalize the characteristic map we first introduce a substitute for the 
symmetric algebra S*{AI) — CH* (BT). This new combinatorial object, which we 
call a formal group ring, is denoted by i?|Af]i?, where R = h{pt) is the coefficient 
ring, and can be viewed as a substitute of the cohomology ring of the classifying 
space U{BT) of T. As in §, we introduce a subalgebra V{M)f of the i?-linear 
endomorphisms of i?|Af]i? generated by specific differential operators and by taking 
its i?-dual we obtain H{M)f, a combinatorial substitute for the cohomology ring 
h(G/i3;Z). The characteristic map (^) then turns into the map 

c: RlMjp ^H{M)f. 

The Weyl gro up W a cts naturally on i?|M]i? and the main result of our paper 
(theorems and |6.9| ) says that: 

Theorem. // the torsion index of G is invertible in R and R has no 2-torsion, 
then the characteristic map is surjective and its kernel is generated by W -invariant 
elements in the augmentation ideal. 

Demazure's methods to prove this theorem in the special case of the additive 
formal group law do not work in general, for the following reason: the main objects 
used in his proofs are operators A^, for every w € W. They are defined first 
for simple reflections, and afterwards for any w by decomposing it into simple 
reflections and composing the corresponding operators. It is then proved that the 
resulting composition is independent of the decomposition of w. For more general 
formal group laws, similar operators can still be defined for simple reflections (see 



Definition 3.5), but independence of the decomposition does not hold, as it was 
observed in . Geometrically, it can be translated into the fact that the cobordism 
class of a desingularized Schubert variety depends on the desingularization, and not 



only on the Schubert variety itself (see Lemma 13.9). We overcome this problem 



by working with suitable filtrations such that the associated graded structures are 



covered by the additive case of Demazure (see in particular Proposition 4.4). We 
therefore encourage the reader unfamiliar with Q to start by having a quick look 
at it before reading our sections || to 0. 

As an immediate application of the developed techniques, we provide an efficient 
algorithm for computing the cohomology ring 'H{M)p = h(G/i?;Z). To do this 
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we generalize the Bott-Samelson approach introduced in Q and For oriented 
topological theories, some algorithms were considered by Bressler-Evens in |^ 
and for algebraic theories in characteristic by Hornbostcl-Kiritchcnko in [Q . See 



remark 15.2 for a comparison. 

Note that the theorem also provides another approach to computing the cohomol- 
ogy ring h{G/B; Z) by looking at the subring of invariants i?|M]^. Observe that in 
the classical case when h = CH (or Kq) and G is simply-connected it is known that 
i?|M]pf is a power series ring in basic polynomial invariants (resp. fundamental 
representations). In general, the structure of i?|M]|^ remains unknown. 

Finally, for the reader primarily interested in topology, let us mention that while 
all our proofs are algebraic and written in the language of algebraic geometry, 
the results apply as they are to topological cobordism or other complex oriented 
theories. Indeed, there is a canonical ring morphism 

n*{G/B) MU*(G/B(C)) 

(see Ex. 1.2.10]) that is an isomorphism because both are free modules over 
the Lazard ring with bases corresponding to each other (given by desingularized 
Schubert cells). 

The paper consists of three parts. 

In the first part, we generalize the results of by introducing and studying the 
generalized characteristic map c: i?[[M]]i? 'H{M)f- In sectiong, we introduce the 
formal group ring /JjMJj? and prove its main properties. In section ||, we define the 
main operators A and C on RIM} p. In sections ^ and || we study the subalgebra 
'D{M)p of operators generated by A (resp. C) and multiplications. In section || we 
define 'H{M)p and prove the main theorem. In section ^ we introduce a product 
on 'H{M)p compatible with the characteristic map c. 

In the second part, we generalize some of the results of to arbitrary oriented 
cohomology theories. In section ^, we discuss properties of oriented theories. In 
sections ^ to we carry out the Bott-Samelson desingularization approach. 

In the last part, we apply the results of the first and the second parts to ob- 
tain information about the ring structure in h(G'/-B;Z). In section we prove 
that our algebraic replacement 'H{M)p is isomorphic (as a ring) to the oriented 
cohomology h*(G/i?; Z) and that the characteristic maps Cg/b and c correspond to 
each other via this isomorphism. In section we give an algebraic description of 
the push-forward to the point and we prove various formulas. In sections ^ and 
p^ , we explain an algorithm to compute the ring structure of h* {G / B;1j) and the 
Landweber-Novikov operations on algebraic cobordism. Finally, in section |l^, we 
give multiplication tables for U,*{G/B\ Z) for groups G of rank 2. 

Notation. Let k denote a base field of arbitrary characteristic. A variety over k 
means a reduced irreducible scheme of finite type over k. By X and Y we always 
mean smooth varieties over k. The base point Spec k is denoted by pt. 

A ring always means a commutative ring with a unit and R always denotes a 
ring. A ring R' is called an i?-algebra if it comes equipped with an injective ring 
homomorphism R ^ R'. The letter M always denotes an abelian group. 

All formal group laws are assumed to be one-dimensional and commutative. Let 
F denote a formal group law and let L denote the Lazard ring, i.e. the coefficient 
ring of the universal formal group law U. 

Acknowledgments. Our sincere gratitude goes to Michel Demazure for his an- 
swers to our questions concerning the paper Q]. We would like to thank the au- 
thors of the Macaulay 2 software ||l^, and, in particular Dan Grayson for his quick 
and accurate responses on the Macaulay 2 mailing list. We would also like to 
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thank Vladimir Chernousov, Fabien Morel and Burt Totaro for their encouraging 
attention to our work. 

Part 1. Invariants, torsion indices and formal group laws. 

2. Formal group rings 

Let i? be a ring, let M be an abelian group and let F be a formal group law over 
R. In the present section we introduce and study the formal group ring R\M\p. For 
this, we use several auxiliary facts concerning topological rings and their comple- 
tions which can be found in [S, III, §2]. The main result here is the decomposition 



theorem 2.10. At the end we provide some examples of computations of i?|M]i?. 



2.1. Definition. Let i? be a ring and let be a set. Let i?[a;s] '■— R[xstS G S] 
denote the polynomial ring over R with variables indexed by S. Let e : i?[a;s] — >■ R 
be the augmentation morphism which maps any Xg to 0. Consider the ker(e)-adic 
topology on R[xs] given by ideals ker(e)% i > 0, which form a fundamental system 
of open neighborhoods of 0. Note that a polynomial is in ker(e)' if and only if its 
valuation is at least i, hence, we have fli ker(e)' = {0} and the ker(e)-adic topology 
is Hausdorff. 

We define i^Hxg] to be the ker(e)-adic completion of the polynomial ring i?[a:s]. 

2.2. Remark. By definition, an element in can be written uniquely as a 
formal sum 

Si,...,Sm^S 

where for any positive m there is only a finite number of non-zero coefficients 
In particular, when S' is a finite set of order n, the ring i?|Ja:s] is the usual 
ring of power series in n variables. 

2.3. Let be a formal group law over a ring R (see p.4]). Given an integer 
771 > we use the notation 

X +F y — F{x,y), m -F X — X +F . . . +F X and {~m) ■ p x — — F{m ■ f x) 

m times 

By associativity of F, for any ttii, 7772 £ Z we have 

(7771 -f- 7772) -FX — {mi -F x) +F (jn2 -F x). 
Now, here comes the definition playing a central role in the sequel. 

2.4. Definition. Let M be an abelian group and let be a formal group law over 
a ring R. Consider the ring i?[a;Ml let Jf be the closure of the ideal generated 
by the elements xq and x\+^ — (x\ -\-f x^) for all X,i2^ M. We define the formal 
group ring R^M^f to be the quotient 

RlMjF = RixMi/Jp- 

The class of x\ in i?[M]]i? will be denoted by the same letter. 

2.5. By definition, i?|{a;Af]] is a complete Hausdorff ring with respect to the topology 
induced by the kernel of the augmentation i?|{a;Af| — R. Since J'f is clearly con- 
tained in this kernel, the augmentation map -RJxmI R factors through the quo- 
tient i?[Af|i?. Therefore, i?!^^]^ is a complete Hausdorff Ting with respect to the 
Zp'-adic topology, where Ip denotes the kernel of the augmentation i?[[M]]i? — > R. 

Let / : i? — )> i?' be a morphism of rings respecting the formal group laws, i.e. 
sending every coefficient of F to the corresponding coefficient of F' . Then, for every 
abelian group M, f induces a ring homomorphism : i?|{M|i? R'^M^p' sending 
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x\ e i^jMjiT- to x\ G R"{M\fi for every A G M. This morphism sends Xp to Xpi 
and, hence, is continuous. 

Let now / : M ^ M' be a morphism of abehan groups. It induces a continuous 
ring homomorphism /: i?|Mjj;' R\M'\p sending xx to a;/(A)- Moreover, if / is 
surjective, then so is /. 

Finally, let / : _F — > _F' be a morphism of formal group laws over i?, i.e. a formal 
power series / G such that f{x +p y) = f{x) +f' f{y). Then, / induces a 

continuous ring homomorphism /*: i?|M]i?/ — >■ i?|M]F sending a; a to f{x\). 

We have therefore proved: 

2.6. Lemma. Via the above constructions )*, (— ) and (— )*, the assignment 
taking {R,M,F) to the topological ring RlM^p is covariant with respect to ring 
morphisms R^ R' and morphisms of ahelian groups M M' , and is contravariant 
with respect to morphisms of formal group laws F ^ F'. 

2.7. Let L be the Lazard ring of coefficients of the imivcrsal formal group law U. For 
any formal group law F over i?, there is a \miquc ring homomorphism -dp : L — > i? 
sending the universal formal group law J7 on L to F. By universality, the morphism 

R(g)i^hlMju ^ RlMjp, r(S)z^r-{'dp)^{z) 

is an isomorphism. 

2.8. Since RlMjp is an i?-algebra, we may consider the formal group law F as an 
element of ii|M]ir[a;, yj. Let a,b G Ip. The specialization at a; = a and y = b 
defines a pairing 

S-.IpxIp^ Ip. 

Similarly, we define B: Xp Xp using the inverse of F and □: Z x — > Xp 
by applying ffl or B iteratively. Prom the associativity, commutativity, inverse 
properties of F and the continuity of the quotient map i?|a;Ml ~^ -^I-^l-F it follows 
that xa+p = xa B x^ and 

x-x = x^x ffl (a;A B xx) = (x-x B xa) B xa = B (xx) = B(2:a). 

2.9. A formal group law F on R induces via a ring homomorphism R ^ R' a 
formal group law on R'. In particular, if M and N are abelian groups, then using 

R RlMjp = R', we can define RlMjplNjp, which is naturally an RlMjp- 
algebra. By functoriality, i?[[M © N}p is also an i?|M]i7-algebra. We define two 
morphisms of i?|M|i?-algebras 

0: RIM e Njp RlMjplNjp and V: RlMjpfNjp i?|[M Njp 

as follows: 

The map R[xm(bn] RIxm^IvnI sending X(^x.-i) to xx +p y-y extends to a 
continuous map /: RIxm^n^ Rl^MjlyN^i- Consider the composition 

RlXM(BNj ^ RlxMlbN} 4 RIMIpIVn} A RlMjpmF 

where g is induced by iJfxMl ~^ -^I-^If and h is the quotient map. We have 
ho go f{x^x,j) +F X(f,,s)) = h o g[{xx +p y^) +F {x^ +p ys)) = 

= ho g{{xx +P Xf_t) +p [y^ +p ys)) = h({xx B x^) +p {y^ +p ys)) = 
= {xx B Xn) +F {y^ B ys) = xx+^ +f y-f+s = K^x+ij- +f Vf+s) = 
= ho g{xx+i^ +F yj+s) = hogo f{x(^x+^^j+5)), 
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where (1) and (8) hold by definition and continuity of /, (2) by associativity and 
commutativity of F, (3) and (7) by definition of g, (4) and (6) by definition of h 
and (5) by definition of ffl. It shows that ho g o f factors through i?|M © Njp as 

hogof: RIxmbn} ^ RIM ® Njp ^ RlMjFmF, 

where (p is a morphism of i?|M]i?-algebras. 

In the opposite direction, we proceed as follows: We extend the functorial mor- 
phism i?[M|F i?|M©iV]F to a morphism i?|IM|F[yAr] i?|M©A^]]F by sending 
yj to a;(o,7). It induces a morphism i?|lM|i?|IyAr]] i?[M © NJp on completions, 
which factors through a continuous morphism ip: i?|Af]i?|7V]i? i?[M © iVl^- 

2.10. Theorem. The morphisms of R\M\p- algebras 4> ^.i^d, ip defined above are 
inverses to each other. In other words, we have an isomorphism 

RlMoNjFO^RlMjFlNjF. 

Proof. We have 

tp ° <l>{x{\.j)) = ^'(^^A +F y-t) = V'(2^a) ipiv-t) = a;(A,o) +f 2:^(0,7) = Xi^x.-,) 

where the second equality holds by continuity of -0. The other composition can be 
checked on y-y, since we are dealing with morphisms of i?[[M]]i?-algebras, and we 
have cj) o ^'(2/7) = cj){x(Q^^)) = -I-f 2/7 = +f 2/7 = y-^- □ 

2.11. Lemma. Let M = Z. Then sending Xm to m-FX defines a ring isomorphism 

RMf ^ RM. 

In particular, if M is a free abelian group of rank one, then RfM^F is isomorphic 
to Rlxj. 

Proof. The morphism cj) : R[xz] R^xJ sending Xn to u-fx extends to a morphism 
(j) : -R[[a;z] R^xJ. By continuity, (j) satisfies 4){xm+FXn) = Pixm) + f (pixn) as well 
as pi—Fixm)) = —F4>{xm)- Thus 4>{xm+n) = (pixm +F Xn) and (j) factors through 
a : iJIZJi? — Rlx}. A map t/j in the opposite direction is defined similarly using 
completeness, by sending a; to xi. By continuity, checking that (f) o ip — id and 
tp o (p = id can be done on generators. Namely, p o 'p{x) = 4'{xi) = a: by definition, 
and tp o (l)(xn) — tpin -f x) = nE\ ip{x) = nE\ xi = Xn- O 

2.12. Corollary. Let (f> : M ^ Z®" be an isomorphism. Then <p induces an iso- 
morphism 

RlM\F^Rlxu....Xnl 



Proof. It follows from Lemma 2.11 and Theorem 2.10 by induction on n. □ 

2.13. Remark. Note that the right hand side is independent of F, although the iso- 
morphism depends on F. Also note that if R is an integral domain, so is iJjZ®"]]^. 

2.14. Example. Similarly, one can prove that i?[[Z/rt]F — ^[[a;]/ {ji-fx) by sending 
Xm to m -F X. Observe that n-F x ^ nx -\- x^q. In particular, if n is invertible in R, 
then (n -F x) — (x) and R\L/n\F — R- 

Let us now examine what happens at a finite level in i?[[M]]F. 

2.15. Let R[M]f denote the subring of i?|M]F defined as the image of the subring 
R[xm] by means of the composition R[xm] ^|Ia;Ml — ^ -R[AflF- Then the ring 
i?|Af]F is the completion of R[M]f at the ideal If n R[M]f. By the functoriality 
of i?|M]F (see 2.6) the assignment 

{R,M,F) ^ R[M]f 
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is a covariant functor with respect to morphism of rings R ^ R' and morphisms of 
abelian groups M — > M'. Moreover, if M M' is surjective, then so is R[M\f 
R\M']f. 



2.16. Example. If Af = Z, the isomorphism of Lemma ^.11 maps R\L]p to polyno 



mials vnn-p X. In particular, unless F and the formal inverse have a finite number 
of nonzero coefficients only, does not map to R[x\. 



2.17. Remark. The morphism (jj from 2.9 doesn't necessarily send R[M N]f to 



R[M]f[N]f. The morphism ip from |2J sends R[M]f[N]f into R[M ® N]f but is 
not necessarily surjective. 

2.18. Example (cf. ^^ ). The additive formal group law over R is given by y) = 
X + y. In this case we have ring isomorphisms 

oo oo 
1=0 i=0 

where S]^{M) is the i-th symmetric power of M over R and the isomorphisms are 
induced by sending a;^ to A G S'j^(i\/). 



2.19. Example (cf. p.4[ ). The multiplicative periodic formal group law over R is 
given by F{x,y) ~ x + y — Pxy, where /3 is an invertible element in R. Consider 
the group ring 



R[M] I ^r^e^' \ £ R, £ M 



3 



Let tr : R[M] — s> i? be the trace map, i.e. a i?-linear map sending any e'*' to 1. Let 
R[M]^ be the completion of R[M] at ker(tr). Then we have ring isomorphisms 

RlM]iF^R[M]^ and R[M]f ^ R[M] 

induced by x\ /3""^(1 ~ e^) and i~> (1 ~ I3x\) = (1 - (3x^x)~'^. 



2.20. Example (cf. 3.5). The multiplicative non-periodic formal group law over 
R is given by F(x^ y) — x + y — vxy, where v is not invertible in R. Specializing 

at w = or u = /3 where j3 is invertible in i?, we obtain the formal group 
rings of the previous examples. 

2.21. Remark. Let h be an oriented cohomology theory as defined in Def. 1.1.2] 
and let F be the associated formal group law (see Section ||). Let M be the 
group of characters of a split torus T over k. Then the formal group ring i?[M])i? 
can be viewed as an algebraic substitute of the completed equivariant cohomology 
ring hT(pt)^ or the cohomology ring of the classifying space h(_BT). Its finite 
counterpart R[M]f could then play the role of the equivariant cohomology ring 
hT(pt) itself. 

3. Differential operators Aq, and Cq 

In the present section we introduce two linear operators on _R[[Af]]i?. The first 
operator is a generalized version of the operator Aq from [Q, §3 and §4]. Indeed, 
one recovers the results of loc. cit. when R = Z and F is the additive formal group 
law from Example 2.1^ . A version of the second operator was already used in 



§5] for topological complex cobordism. 

3.1. Consider a reduced root system as in §1], i.e. a free Z-module M of finite 
rank, a finite subset of M whose elements are called roots and a map associating 



8 B. CALMES, V. PETROV, AND K. ZAINOULLINE 

a coroot G to a root a, satisfying certain axioms.^ The reflection map 
A H> A — a^(A)Q! is denoted by Sa- 

3.2. The Weyl group W associated to a reduced root system is the subgroup of 
hnear automorphisms of M generated by reflections Sq. It acts linearly on M 
and thus by i?-algebra automorphisms on i?[[M]]_F using the functoriality in M of 
i?|M]F. We have the following obvious equalities for any u S i?|M]F: 

Sa{u) = s_q(u) and Sq(u) — u. 

3.3. Lemma. For any n G Z, the element x — x +f [i^'F y) is uniquely divisible by 
y in Rlx,y}. 

Proof. Since y is a, regular element in we just need to prove divisibility. 

Note that for any power series g{x,y), the series g{x,Q) — g{x,y) is divisible by y. 
Apply it to g{x, y) ^x+p (n -f v)- □ 

3.4. Corollary. Assume that R is integral. For any u £ i?|M]i?, the element 
u — Sa{u) is uniquely divisible by Xa. 



Proof. First note that i?|Af]i? is an integral domain by 2.13, so we just need to 
prove divisibility. Since 

Sa{x\) = Xx-a^(X)a ^ Xx^ {-O^ {\) □ Xa) 

it holds by the previous lemma when u = xx. Then, by the formula 

(3) UV — Sa{uv) ~ {u — Sa{u))v + u{v — Sa{v)) — (u — Sq(u))(w — Sq(w)) 

the result holds by induction on the degree of monomials for any element in R[M]p. 
Finally, it holds by density on the whole i?|M]i?. □ 

For a given root a we define a linear operator on i?|Af]i? as follows: 



3.5. Definition. First, using Corollary 3.4 we define a linear operator on 



L[[M]](7, where U is the universal formal group law over the Lazard ring L, as 
A^(„) = where u e UMju- 



Finally, identifying i?|{M|i;- with i? ig)L L|{M| j/ via the isomorphism from 2.7 we 
define the desired operator A^ on i?|M]F as idi?(8)A^. We will simply write 
Aa{u) when the formal group law F over R is understood. 

3.6. Remark. Observe that if R is integral, then the operator A^ can be defined 
directly using the same formula as for A'^. If R is torsion, then it is not the case. 
Indeed, take R — Z/2, M — Z, F to be an additive law and a = 2 to be a root. 

Then Xa = xi+i = xi + xi = 2xi = in i?|M]F. 

3.7. Remark. We could instead have defined Aq. as Aa{u) — fsilihlH; This ex- 
changes Aq with — A_c( so it is easy to switch from one convention to the other. 
Both conventions give the same classical operator when the formal group law is 
additive. 

3.8. Proposition. The following formulas hold for any u,w £ i?|Af]i?, A G M and 
w eW (Compare to §3]0j. 

(1) A„(1) = 0, Aa{u)Xa = U - Sa{u), 

(2) Al{u)Xa = Aa(u) + A_q(u), Aa{u)Xa = A^aiu)x^a, 

(3) SaAa{u) = -A_a(u), AaSa{u) = -Aq(m), 



"'^This is often called a root datum instead of a root system in the literature, but we follow | 
^ There is a sign mistake in Eq^^tion (3) of [jn, §3]. One should read — — 
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(4) Aa{uv) — Aa{u)v + uAa{v) - Aa{u)Aa{v)Xa — Aa{u)v + Sq(m)Aq(w), 

(5) wAaW'^iu) = A^(^a){u). 

Proof. All formulas can be proved in LJM]]^/ (which is an integral domain) and 
then specialized to any other i?UM]i;'. Formula (^) follows from equation above. 
Formula (||) follows from the fact that a^(it;~^(A)) = i(;(a)^(A). All other formulas 
follow by definition. □ 

From now on, we fix a basis of simple roots (ai, . . . , with associated simple 
reflections si, . . . , s„. This defines a length function on W. Let / denote a sequence 
of I integers in and let w{I) = s^^ • • • Si, be the corresponding 

product of simple reflections. The decomposition / is reduced if w has length I. We 
define the linear operator A/ as the composition 

A/ = Aa,^ O ■ • • O Aa^^ . 

The operators A/ have the following important property: 

3.9. Theorem. Let F be a formal group law of the form F(x, y) = x + y — v ■ xy for 
some V £ R. Let L and /' be two reduced decompositions of w in simple reflections. 
Then Aj — Aji . 

Proof. See Theorem 2 p. 86]. The proof assumes v = 1 but it works for any 
other value. □ 

When the formal group law is of the above type, the previous theorem justifies 
the notation A^, instead of A/, but in general, we have to keep the dependence on 
the decomposition. 



3.10. Remark. Theorem 3.9 was proved in W (see loc. cit. Thm.3.7) for topological 
oriented theories. Moreover, the result of [^says that the formal group law has to 
be of the above form for such an independence of the decomposition to hold. 

For a given root a we define another linear operator on i?[[M]]F as follows: 

3.11. Definition. Let g{x,y) be the power series defined by 

X +Fy ^ X + y ~ xy ■ g{x,y) 

and let Cq, be the element g{xa,X-a) in i?|Af]i?. We set 

C^{u) = uea- A^{u), where ueRlMjp- 

We will simply write Ca(u) when the formal group law F over R is understood. 
For a sequence of integers / in [1, n], we define the operator C/ in the same way as 
Ai. 

3.12. Proposition. The following formulas hold for any u,v € RlM\p, A G M 
and w (z W . 

(1) a(l) = e,, a(x_„) = 2, 

(2) Ca{u)XaX-a — UXa + Sa{u)X-a, Ca{uX-a) = U + Sa{u) , 

(3) CaSa{u) = C-aiu), SaCa{u) = Ca{u), 

(4) Ca{uv) = Ca{u)v + Sa{u)Ca{v) - Sa{u)vea = Ca{u)v - Sa{u)Aa{v), 

(5) wCaW~'^{u) = C^(a)(u), 

(6) CaA„ = A,C„ = A,C_„ = 0. 

Proof. All these formulas can easily be derived from the ones of Proposition |3.8| 
using the definition of Ca and the fact that CaXaX-^a = + X-a- D 
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3.13. Proposition. Let Wa be the subgroup of order 2 generated by Sa in W . Let 
i?|M]^° denote the subring of fixed elements of RlMjp under the action ofW. 

Lf the ring R has no 2-torsion, then the operators Aa and Ca are i?|M]^° -linear. 
Ln particular, they are R\M^^ -linear. 

Proof. For the operator A^, by formula (^) of |3.8| it suffices to show that Aq(m) = 
for u e i?|M]^°. According to formula (||) of 3^, it is equivalent to Aa(u) = 
— A„(m) which holds if i?|M]i;' has no 2-torsion. 

The same facts for Ca then follow from its definition in terms of Aq. □ 

3.14. Lemma. Assume R has no 2-torsion. Then for any root a, the element Xa 



is regular in R\M^p and the set of elements u such that Aq(u) — is i?|jM]]]^° 



Proof. Let wi , . . . , a;„ be the fundamental weights corresponding to a choice of 
simple roots a = ai, . . . ,a„ of the root system. Possibly extending A/, we can 
assume that the Wi are a basis of M . By the isomorphism i?[M]]F — R\Xi^^ , . . . , x^. 



of Corollary 2.12, Xa becomes Yli < a, > x^j. +u, u <^T? . One easily checks that 



this element is regular if at least one of the <a,ai> is regular in i?. In particular, 



this is the case if < ai, ai >= 2 is regular in R. By equation (m) of Proposition 5.S , 



the last part of the claim is then clear. □ 

3.15. Proposition. Let f : R ^ R' be a ring morphism sending a formal group law 
F over R to a formal group law F' over R' . Then, the operators A and C satisfy 

/,Af = Af /, and f,C^ = '/* 



where /* : i?|M]i? R'\M\pi is the morphism of Lemma 2.6. 

Proof. This is clear by construction. □ 

4. EnDOMORPHISMS of A FORMAL GROUP RING 

In the present section we introduce and study the subalgebra T>{M)f of R- 
linear endomorphisms of a formal group ring i?|{M|f^ generated by the A operators 



of the previous section. The main result (Theorem 4.11) says that operators Af , 
where w runs through all elements of the Weyl group and L^ is any chosen reduced 
decomposition of w, form a basis of T){M)p as an i?|Af]i?-module. 

4.1. Let i?[[M]|i? be a formal group ring corresponding to a formal group law F 
over a ring R and an abelian group M (se e Def . p. 4]) . Let Tp be the kernel of the 



augmentation map R\M\p -> i? as in 'Lb. By convention, we set Ip = R\M\p for 



any i < 0. We define the associated graded ring 

oo 

grl{M,F)^^Vp/T^\ 

i=0 

4.2. Lemma. The morphism of graded R-algebras 

c^:SUM)^gr*j,{M,F) 
defined by sending A to x\ is an isomorphism. 

Proof. The map is well-defined since x\^^ — (xx -\- x^^) is in Ip, and it is obviously 
surjective. Let us define a map in the other direction. Recall that by definition 
RlM^p = RlxMi/Jp- Let I denote the kernel of the augmentation map — >■ 



R (see 2.5). Then we have 

Ip = i/jp and i^p/T^^ = i'liJp r\T+ r+^). 

Since is given by monomials of degree i, we may define a map of i?- modules 
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by sending a monomial of degree i in some xx-s to the symmetric product of the A-s 
involved. This map passes to the quotient since (J> nr +1*^^)/!*+^ is generated 
as an i?- module by elements of the form p.(x\ + x^ — xx+p) where p is a monomial 
of degree i — The sum ©iV* passes through the quotient as well and, hence, gives 
the desired inverse map. □ 

4.3. Consider now a reduced root system M as in Section ^ and let i?|M]i^- be the 
associated formal group ring. Consider the operators introduced in Def. 3.5. 
By their very definition, the operators send Tp to X]^~^. Hence, they induce 
i?-linear operators of degree —1 on the graded ring Qr*p{M,F ), de noted by GrA^. 
Similarly, we define graded versions of operators (see Def. 3.11) on Qr*j^{M, F), 
denoted by QrC^. 

4.4. Proposition. The isomorphism <j) of Lemma \4.^ e xchanges the operator Qr/S.^ 
(resp. QrC^) on Qr*j^{M,F) with A^" (resp. — A^"^ on the symmetric algebra 
S'^{M), where Fa denotes the additive formal group law as in Example 2.18 and 
the A^" = — C^" are the classical operators of 0|. 

Proof. Induction on the degree using of Prop. B.S. □ 

4.5. Definition. Let 'D{AI)p be the subalgebra of i?-linear endomorphisms of 
i?|M]p' generated by the A^ for all roots a and by multiplications by elements 
of i?|M]i7. Note that by formula (|l|) of Proposition |3.8| , 'D{M)p contains Sq and it 
contains by its definition. Let 'D{M)'-p' be the sub i?|M]i;-module of V{M)f 
generated by the uA^^ • • ■ A^^, where u e IJ? and m — n > i. This defines a 
filtration on V{M)f 

V{M)f 2 • • • ^ V{M)f 3 2?(Af)^+^^ 3 • • • D 

with the property that 'D{M)p = UiV{M)^p . We define the associated graded 
i?|M]F-module 

OO 

z— — oo 

4.6. Proposition. The filtration on T>{M)f above has the following properties: 

(1) For any root a, we have 

Af 2?(M)^^ C V{M)'p~^\ P(M)^^Af C V{Mfp'^^ 

and similarly for 

(2) For any integer j , we have I'pV{Mfp C D(M)^+^^ 

(3) For any operator D G T){M)p\ we have D{T-'p) C T^p!'^ 

(4) n,i?(M)(j^ = {0} 



Proof. The claim follows from equation (Q) in Prop. 3.8 (resp. equation (Q) in 
Prop. 3.12| ). The claim (||) is obvious. The claim (H) follows from the fact that 
Aai^p) C Tf^. To prove (|) observe that any D in n,X>(M)^^ sends RIM}f to 
riiXp = by (H) so is the zero operator. □ 

4.7. By claim (3) of Prop. 4^ the graded module Qr*V{M)F acts by graded en- 
domorphisms on the graded ring Qr*j^(M, F), which is isomorphic to S'^(M) by 



Lemma 4.2. Let Fa denote the additive formal group law. Then the associated 
subalgebra V = V{M)f^ coincides with one considered in §3]. By Prop. 4.4, the 
class of A^ (resp. Cf ) in gr^-^^V{M)F acts by Af" (resp. -A^") on S*j^{M) and 
the class of the multiplication by Xa in Qr^^^T>(M)F acts by the multiplication by 
a on S*j^{M). 
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4.8. Proposition. The graded module Qr*'D{M) p over the graded ring Qr*i^(M, F) 
S^(M) is isomorphic to V. 

Proof. It is a sub-module of the i?-linear endomorphisms of Qr* R\M\p generated 
by the same elements as T). □ 

4.9. Let A be a ring and let I be an ideal of A, such that A is complete and 
HausdorfF for the T-adic topology. Let M be an A-module together with a I- 
filtration (M*^*^)igz, i.e. IM^*) C M^'+^^ for any i. Consider the associated graded 
ring Qr* A and the associated graded Qr* A-modwle Qr*M . 

The filtration is called exhaustive (see |§, III, §2, 1]) if any \ £ M belongs to 
some M(*\ i.e. M = U^M^'). For an exhaustive filtration let v{X) denote the largest 
integer such that A £ M"'^^'' and let A denote the class of A in M^'^^^))/^^''^^''^^^ if 
j/(A) exists and if j^(A) docs not exist. Note that A is nonzero if and only if A is 
not in riiMt^). 

4.10. Lemma. Let M be an A-module with an exhaustive I-filtration. Let Ai , . . . , A„ 

be elements of M. Then 

(1) Assume A is complete for the X-adic topology and M is Hausdorff. If 
Ai, . . . , A„ generate Qr*M as a Qr* A-module, then Ai, . . . , A„ generate M 
as an A-module. 

(2) Assume A is Hausdorff. //Ai,...,A„ are independent elements in the 
Qr* A-module Qr* M , then Ai, . . . , An are independent in the A-module M . 

(3) Assume A is Hausdorff complete and M is Hausdorff. If Qr* M is a finitely 
generated free Qr* A-module, then M is a finitely generated free A-module. 

Proof. Let A[i] be A itself considered as an A-module with the shifted filtration 
Xj+'^M (by convention, P = A for j < 0). The claims (§) and (|) then follow 
from |, III, §2, 8, Cor. 1 and 2] applied to X ^ ®iA\i], Y ^ AI and 0^ A[i\ M 
the map sending {ai)i to OiXi. The last claim (0) is an immediate consequence 
of d) and (I). □ 

We now come to the main result of this section: 

4.11. Theorem. Let T>{M)p be the algebra of operators defined above. For each 
element w € W, choose a reduced decomposition 1^ in simple reflections. Then the 
operators Af^ (resp. Cf^) form a basis of T>{AI)p as an R^M^p-module. 

Proof. When the formal group law is additive, this is proved in §4, Cor. 1] for 
the (and C^- = (-1)'("') A^" ). The filtered module V{M)p is Hausdorff by 
point (0) in Proposition |4.6|, and i?|A/]i? is complete. We can therefore apply point 



of Lemma 4.1C to deduce the general case from the corresponding fact on the 



associated graded objects, which is the additive case by Proposition 4.8, □ 

5. Torsion indices and augmented operators 
In the present section we study the augmentation eV{M)p of the algebra of 



operators T>(M)p. The main result is Proposition 5.4 which is what becomes of 



Theorem 4.11 when the augmentation e is applied. Similarly, we then examine the 



filtr ation on eV{M)p obtained by applying e to the one on V{M)p introduced in 



4.5. 



5.1. Consider the torsion index t of the root system as defined in |Q, §5] and its 
prime divisors, called torsion primes. It has been computed for simply connected 
root systems of all types (see §7, Prop. 8] and [|l^, ^). The results of these 
computations are summarized in the following table: 
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Type 


Ai 


Bi, ^ > 3 


Ci 


A, « > 4 


G2 


F4 




Et 


Torsion primes 





2 





2 


2 


2,3 


2,3 


2,3 


Torsion index 


1 


2^(0 


1 


2e(;-i) 


2 


2-3 


2-3 


2^ ■ 3 



2,3,5 
2'' • 3^ ■ i 



The exponent e{l) is equal to I — [log2(('^^) +1)J except for certain values of I equal 
or slightly larger than a power of 2 which are explicitly given in 19, Thm. 0.1]. 
Since i{TZi x 7^,2) — t(7?.i) • t(7?.2), we may compute torsion indices of semi-simple 
root systems by reducing to irreducible ones. 



5.2. Let M be the character group of a root system of G and let be a formal 
group law over a ring R. Let e: i?,[[A/]]i? — > i? be the augmentation map with the 
kernel Ip. Let N be the length of the longest element Wq of the Weyl group W of 
G. Let Fa be an additive formal group law. 

By definition of the torsion index (see |Q, §5]) there exists an element a of the 
symmetric algebra S^{M) such that 



Let Ip: S^{M) — > Or}j{M, F) be an isomorphism from Lemma 4.2. Let uq € Ip be 



an element such that uq — 4>{a). Therefore, for any reduced decomposition Iq of 
wq we have £Af^{uo) 



t or, in other words, by Prop. [L4 



5.3. Lemma 

Then 



Aliuo)^l + lF and Cj; (mq) = (-1)'^ + in i?^^. 

Let I be a sequence of simple reflections and let 1(1) be its length. 



(1) for any i G Z, Af{Tp) C I'f'^^' and Cf{Tp) C Tp 

(2) if I {I) < « and I is not reduced, then 



-1(1) 



a; (Tp) c rp 



and 



(3) Zef Uq G element chosen above. If I {I) < iV </ien 



eA| K) = (-l)'^C; K) 



if I is reduced and 1{I) 
otherwise. 



N 



Proof. Claim follows from Prop. [4.6| , (|l|). To check (^), it therefore suffices to 
check that GrAf is zero. It follows from the corresponding fact in the additive case 
1^, §4, Prop. 3, (a)] after applying Prop. [4.4| . The "otherwise" case of (^) follows 
from (|). The case where / is reduced and has length N follows from the definition 

of Mq. □ 

5.4. Proposition. Consider the R-module e'D{AI)p of all R-linear forms eD, where 
D € 'D{M)p. Assume the torsion index i is regular in R. Then for any choice of a 
collection of reduced decomposition lyj for each w G W , the (eA/^)„,gvK (resp. the 
{'^C!i^)wew ) form an R-basis of e'D{M)p . 



Proof. By Theorem 4.11 , the eA/^ generate e'D{M)p. We prove that the tAj^ such 
that l{Iw) £ i are independent by induction on i. It is obviously true when i < Q. 



Let E 



eA/^ — 0. By induction, it suffices to show that the coefficients 



l{w)<i ' w 

with l{w) = i are zero. For any v and w of length i, the concatenation I^, + I^- i^ 
is a reduced decomposition of wo if and only if u = w. Thus, by Lemma 5.3,(|l|) 
and (H) we have ^j^.^,^^^ r^eA/^ (A/^ (''^o)) — which implies that r.^, = by 

□ 



regularity of t. The same proof works for the C/^ 
5.5. Lemma. Assume i is regular in R. 



(1) For any reduced decomposition 1^ of w and any element u G Tp ^-L.p 



\T 



i+l 



the 



element uAf 
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(2) The group V{Mfi^ is the set of D e V{M)f such that D{I^p) C 2]+-''. 

Proof. It suffices to prove after inverting tlie torsion index. By Lemma |5.3[ (|l|), 
the operator mAI^ is in I?(M)^"'^"'^^ Consider tlie element y = Af _ (mq). 

It is in t'^p^K By Lemma |]^.(^) the element s — A|^ (y) is invertible. Hence, 
uAf (y) = us cannot be in T'p^, and therefore uAf is not in ©(M)^"''"''^^-' . 

To prove (||), first note that Prop. L6.(|l) immediately gives one inclusion. Sup- 
pose D is such that D(2p) C I]^-'. Using Theorem 4.11 we may write it as 



Recall that iy{uw) denotes the largest integer such that Uw G Ip (see 4.9). Consider 
the set of w G T4^ such that i'{uw) — l{w) is minimal and take an element wi € S 
such that l(wi) is maximal. To show that D G 'D{Mf'p , it suffices to show that 
1^(1*11,1) — l{wi) > j by minimality of elements of S. 

Let yi = Al" _^ (uq) be the corresponding element in We have 



"1 "0 



D{yi) = w^.iAf^^ (yi) + ^ Uu_,A/^(yi) + ^ u^,A/,„(yi). 

By Lemma and (|), two sums on the right are in Ip . As in the proof 

of (0), Af^_^ (yi) is not in go ^(yi) is in i;^"™!^ \ Since 

D{yi) is also in 1^'^'^''^*, we obtain that — ^(wi) > ?. □ 

We now consider the filtration on e'D{AI) p that is the image by e of the filtration 
on V{M)f defined in 4.5, i.e. 



eV{M)F ^ • • • ^ eV{M)^p D eP(M)^+^^ ^ • • • ^ 0. 
5.6. Proposition. Assume i is regular in R. This filtration satisfies the following. 

(1) For anyieZ and eD G eV{M%\ we have eD{Ip'+^) = 0. 

(2) Let E be a subset of W of elements of length I, and let the Iw be reduced 
decompositions of each of the w E E. Then any nonzero R-linear combina- 
tion 

/=^r^-eAf^ (resp. eCfj 

wes 

is in eT>(M)p^ \ e'D{M)p''^^. In particular, for any w 

eAf^ G eP(M)^'^"'^ \ eV{M)p^^'^^+' (resp. with Cf^). 

(3) For any choice of reduced decompositions 1^ for every element w G W, the 
R-module eD{M)^p is a free R-module with basis the eA/^, (resp. eCi^) 
with l(w) < i. 

(4) For any i < —N, we have eVlM^p — eV{M)p and for any i > 0, we have 
eT){M)p^ — 0, i.e. the filtration is of the form 

eV{M)F = eV{M)'p'^^ D eV{M)'-f^+^^ ^ • • ■ ^ eV{M)f D 0. 

Proof Claim (|) follows fr om Lemma |5.5| .(p[). To prove (El), we first apply / to 
Af _^ (uq). By Lemma ^Tsl d^) , we obtain tr^,, which has to be zero by (0) for the 

element / to be in I'r^^. Therefore, each is zero. The last two claims follow. □ 
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6. Invariants and the characteristic map 

We now come to the definition of an algebraic replacement 'H{M)f for the ori- 
ented cohomology h*{G/B) when G is a split semi-simple simply connected alge- 
braic group corresponding to the root system and i? is a Borel of G. The identifi- 
cation of 'H{M)p with V\*{G/B) is the subject of section ^ 

6.1. Definition. Let 'H{M)f be the i?-dual of eV{M)F and let 

: RWIf n{M)F 

denote the natural map obtained by duality, i.e. sending u to the evaluation at u. 
When the formal group law is clear from the context, we write c for c^. 

Again, when = i^^ is additive, this H{M)f corresponds to the one defined by 
Demazure in §3]. 

6.2. Remark. Observe that when R has no 2-torsion, since the operators are 



i?|M]]F-linear by Proposition 3.13, the characteristic map satisfies c{fu) = e(/)c(w) 
when / is in RlMjf . 

6.3. Theorem. Let {Iw)wew be a choice of reduced decompositions. When the 
torsion index t is regular in R, there is a unique R-basis zf of'H{M)F such that 
the characteristic map is given by 

w 

Similarly, there is a unique R-basis zf of TL{M)f such that the characteristic map 
is given by 



Proof. We take the bases that are dual to the ones of Proposition 5.4. □ 



6.4. Theorem. Assume that the torsion index i is invertible in R. Then for any 
choice of a collection of reduced decompositions 1^ for every w € W , the c(A/^, ("o)) 
(resp. the c(C/^ (^^o)) ) form an R-basis of the image of c. In particular, the char- 
acteristic map c is surjective. 

Proof. We have c{uq) — t.zf^ and 

l{v)>l{w) 



by point (3) of Lemma p.3| . All the zf^ are thus in the image of the characteristic 
map by decreasing induction on the length of w. The same proof works when 
replacing A by C. □ 

Still assuming that i is regular in R, let f : R ^ R' be a ring morphism sending a 
formal group law F over i? to a formal group law F' over R' . By restriction (through 
/), T-Lfi'{M)f' is a i?- module. Let fu ■ T-L{M)f Hr'{M)f' be the i?- linear map 
sending the element zf' in 'H{M)f to the corresponding one in T-Lr' {M)f' ■ 

6.5. Proposition. We have the following: 

(1) The assignment f ^ fu defines a functor from the category of formal group 
laws {R,F) (t regular in R) to the category of pairs {R, M) where M is a 
module over R, and the morphisms are the obvious ones. 

(2) We have fnc^ = c^'/*- 

(3) The map fu defined above is independent of the choice of the reduced de- 
compositions Iw 
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Proof. Point M) holds by construction. Point (0) follows from the formula for the 



characteristic map given in Theorem 6.3 . Since /* is defined independently of the 
Iw, the last item (||) holds if the characteristic map is surjective. The general case 
follows by embedding Hr{M)f into Hfl[i/i](M)F where the characteristic map is 
surjective by Theorem pM □ 



6.6. Proposition. Assume that t is invertible in R. Fix a reduced decomposition 
Iw for each w . Then 

(1) For any x G i?|M]i?, the system of linear equations in R\M\p 

for all V in W , has a unique solution (r^)^,^^^- 

(2) // (r^)M,gvK is the solution of (|l|), then for any D G 'D{M)p, we have the 
equality 

D{x) = J2 rwDAj^Xuo). 

wew 

(3) // {rw)wew is the solution of (|^) and if R has no 2-torsion, then all the r^ 
are in fact in i?[[M]]^. 

The same is true when replacing A by C everywhere in points (|l|), (|^) and (^). 

Proof. Let A he a ring and I be an ideal of A contained in its Jacobson radical. A 
matrix with coefficients in A is invertible if and only if the corresponding matrix 
with coefficients in A/I is invertible. Since Ip is contained in the radical of i?|A/]i?, 
it suffices to show that the matrix of the system in RlMlp/Ip is invertible. If we 
order the v's by increasing length and the w's by decreasing length, Lemma |5.3| 
shows that the matrix is lower triangular with t on the diagonal, and it is therefore 
invertible. Point (||) follows from point (P since the A/^ (resp. the C/^) form a 
basis of 'D{M)p as an i?[[M]] i?-module by Theorem 4.11. Let us prove point (||). 
For any simple root a and for any v G W , we have 

a. {j'w 

wew 

= ^ ru_,AQA/„A/,„(uo) + ^ Aa(r^,)saA/„ A/^(uo) 

wew wew 

using point d) of Proposition IJ. But we also have 

A„A/„(a;)= V r^A„A/„ A/„ (uq) 



wew 



by point (0) with D = A^A/^, . So 



Aa(r^)sQA/„ A/„,(uo) = 

wew 



for any v G W. Applying the ring automorphism Sq., we obtain that the SaAa{rii,) 
are solution of the system (]^) with a; = and are therefore by uniqueness. Thus 
Aq {r^ ) — and is fixed by Sa for any simple root a by Lemma |3.14 hence by 



the whole Weyl group W, since it is generated by the simple reflections. 

Point (H) for C is proved exactly in the same way (still using A^, not Cq). □ 



6.7. Theorem. Assume that the torsion index t is invertible in R and that R has 

no 2-torsion. Choose a reduced decomposition 1^ for every w G W . The elements 

w 

F 



A/,„(mo) (resp. Ci^{uq)) form a basis of R^AI^p as an R^AI^^ -module. 
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Proof. We need to show that any x can be decomposed in a unique way as x = 
J2w£W '''w^i^ (uo)- Note that this is the row w = 1 of the system (|l|) of Proposition 



|6.6| . By i?pf|^-Hnearity of any A/^ (see Prop. 3.13), if that row is satisfied 
with coefficients in i?[M]]jJ', the rest of the system is satisfied, so this proves 
uniqueness. Existence of the decomposition then fohows from points (|l|) and of 
the proposition. The same proof goes through with the Cj^{uo). □ 

6.8. Remark. The previous theorem for the (uncompleted) symmetric algebra, i.e. 
the additive case, is §6, Theoreme 2, (c)], but the proof given there is incorrect: 
in the notation of loc. cit., the ideal / is only known a priori to be of the right form 
to apply the graded Nakayama lemma when it is tensored by Q, a fact that cannot 
be assumed, this is the whole point of the theorem. When contacted by one of the 
authors, Demazure kindly and quickly supplied another proof which we adapted 



to our setting in Proposition 3.6, There is a slight difference: in the symmetric 
algebra case, the matrix of the system is upper triangular with diagonal t and is 
therefore invertible, whereas in our case, the lower triangular part does not vanish 
because our formal group law is not additive, but the strictly upper triangular part 
is in the radical because our ring is complete. 

6.9. Theorem. Assume that the torsion index t is invertible in R and that R has 
no 2-torsion. Then the kernel of the characteristic map c : i?[Af]]i? — > 'H(M)p is 
the ideal of RlAIj^p generated by elements in . 

Proof. By Remark |6.2|, the ideal generated by is included in ker c. Conversely, 



let x G ker c, and decompose it as YIwgw ^'^ 

A/„(mo) with the r„ G RfMlf by 
the previous theorem. We then have = c(x) = X]«iew ^('""')*-(^-fm ("o)) • But the 



c(A/^, (uo)) form an i?-basis of the image of c by Theorem 3.4, so e(ru,) = for all 

tW 

'-F 



w G W and x is the ideal generated by X^ . □ 



7. The product structure of the cohomology 

In this section, we explain how to define a product on 'H{M)p in order that 
the characteristic map be a ring homomorphism. Then, we study the structure of 
'HiM)F. 

7.1. Lemma. For any D e'D{AI)p, 

(1) there is a finite family {Di,D[) of elements of'D(M)p such that D{uv) = 
J2i Di{u)D[(v) for any elements u,w e R\M\p. 

(2) Furthermore if D is in'D{M)p\ each Di and D[ can be chosen in'D{M)^j^^^ 
and T){M)^P^^ respectively, such that rui + > j. 

Proof. To show (|l|), the elements of V{M)p satisfying a statement form a sub- 
i?[fMj| J?- alge bra of 'D{M)p, and it is clear for generators of V{M) p by equation 



of Prop. 3.8. This same equation also proves (E[) for generators by induction. □ 



Let RfMYp be the continuous _R-dual of i?[[A/]i?, i.e. the set of _R-linear mor- 
phisms / from R\M\p to R such that f{Xp) — for some i (depending on /). 

7.2. Lemma. The R-module R\MYp is flat. When i is regular in R, the R-module 
e'D{M)p is also flat. 

Proof. For any i, the i?- module X^p/X^p^ is a free _R- module since it is isomorphic to 
S'Ij(M). Thus, by induction, for any i, the quotient R\M\p /Xy is a finitely gener- 
ated free i?-module, thus flat. Now RlM\°]^ is the direct limit of the {RlMlp/X^Y 
(usual i?-duals) and it is therefore flat. When t is regular, the module e'D{M)p is 
a finitely generated free i?- module by dA, so it is fiat. □ 
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7.3. Theorem. Let t be regular in R. There is a unique ring structure on 'H[M)p 
such that the characteristic map c : i?|M]i? — > 'H[M)f is a ring morphism. 

Proof. Since R — > i?[l/t] is an injection and T-L{M)f is a free i?-module, we can 
check uniqueness after inverting t, in which case it is obvious since the charac- 
teristic map is surjective. Let us now prove the existence of this product. The 
i?- module i?|M]^^ has a natural structure of coalgebra induced by the collection 
of maps {RIMIp/I^Y {RIM\f/TY ® [RlMlp/I^Y dual to the product, and 
taking direct limits. The inclusion e'D{M)p C i?||M])^^ induces the diagonal map 



eV{M)F (EiR eV{M)F RU'WY (giR RlMj"/ which is injective by Lemma 
To show that €D{M)f is a subcoalgebra of i?|M]|y, it therefore suffices to show 
that the composition eV{M)F RfMlf ^ RlMfY (^RRlMj^Y factors through 
the image of eV{M)F (^r eV{M)F in RlM^Y ®R RlMfY- This is ensured by 



Lemma 7.1. Now TL{M)f is the dual of a coalgebra, and is therefore an i?-algebra. 



By construction, the characteristic map is a ring homomorphism. □ 

7.4. We now filter the ring 'H(M)f by setting that 'H{M)'^p is the set of forms 
on eD{M)F that are zero on eD{M)\p By Proposition |5.6| , we therefore have 
U{M)P = 'H{M)f and H(M)^+^^ = 0. In other words, the fiftration has the 
form 

We consider the augmentation map e : 'H{M)f ^ R defined as the evaluation at 
e e eV{M)F. 

7.5. Proposition. Assume t is regular in R. We have: 

(1) H{M)^p^ is the kernel of e. 

(2) The filtration is compatible with the product: 

(3) The characteristic map c is a morphism of filtered rings. 

Proof. Point is clear since e generates V{M)p\ Let hi G H{M)p^ and /12 G 
■H{M)^^K The product h = hi.h2 is defined as h{eD) = hi{eD,)h2{eD',) where 
the {Di,D'j) are as in Lemma 7.1. By the same lemma, if D S D(M)^^™^^\ they 
can be chosen such that Di e 2?(M)-^ and D[ e V{M)p' with ji+mi> j + m+l. 
Thus, for any i, either ji > j + 1 or m, > m + l, so every term in the sum is zero and 
h e 'H{M)p'^^\ For point (|), take an element u in Tp. By definition, c{u) is the 
evaluation at u in eX'(M)^ = 'H{M)f so by Prop. c(m) is in H{M)^^\ □ 

7.6. Proposition. Let L^ be choices of reduced decompositions for every w G W . 
Assume the torsion index t is regular in R. Then 

(1) For any i, the elements zf (resp. ) with l{w) > i generate 'H{M)p\ 

(2) The elements zf^ and zf^ of Theorem \6.^ do not depend on the choices 





"0 



of decompositions and are equal up to the sign (—1) . ±iic cichicill 



is denoted by zq and for any uq as in section ^ we have c(mo) = (~l)^teo- 

Proof. Point (|l|) follows from point (||) of Proposition si nce the (resp. zf^) 
are the dual basis to the eA/^^ (resp. eCi^). By Theorem |6.3| , we have c(uo) = tzf' . 
But the left hand side is independent of the choices of the L^ and the right hand 
side is independent of the choice of uq, which proves the claim. We also have 
ciuo) - (-l)^izo. □ 
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7.7. We now consider operators on 'H{M)p. For any root a, multiplication on the 
right by Cq (resp. Aq)) defines an endomorphism on e'D{M)F, and therefore one 
on 'H{M)f by duality. This operator is denoted by Aa (resp. Bq). In other words, 
for any h £ H{M)f and eD G e'D{M)F, we have 

Aa,{h){eD) = h{eDCa) and Bc,{h){eD) = h{eDAo,) 

As for the operators A and C, we use the notation Aj and Bj for a sequence / of 
simple reflections. 

7.8. Proposition. When t is regular in R, these operators satisfy: 

(1) Aa o c(u) = c o Ca{u) and Ba o c{u) = CO Aq(u). 

(2) AaH{M)^^ C?^(M)^-') andAaH{M)^;^ Qn{M)^;~^^ 

(3) For any reduced decomposition Iq o/wq, the element Aj^Izq) (resp. Big{zQ)) 
is invertible in 'H{M)f- 

(4) /// is nonreduced and of length N , then the element A/(zo) (resp. Bi{zq) ) 
is in 'H{M)^p = kere. 

Proof. Point (^) follows directly from the definitions of the characteristic map and 
of the operators. Point follows from point of Proposition |4.6| . For point (||), 



first note that by Proposition 7.5, an element h £ T-C{M)f is invertible if and only 
if e{h) is invertible in R. Now 

i sAi^{zo) = eAi^{izo) = eAi^c{uo) = ec(C/o(uo)) = eC/o(-ito) = i. 

Therefore, eAjg{zo) = 1. The same proof works for ei3/„ (zq). For point fl), the 



same series of equalities is used, except that the last term is zero by Prop. 5.3. □ 



7.9. Proposition. Let Iw be a choice of reduced decompositions for all w e W . 
Assume t is regular in R. Then the elements Ai^(zq) (resp. Bi^_{zq)) with l{w) < 
N — i form an R-basis of T-i{M)''p . 

Proof. We prove it for the Ai^ (zq), the proof for the Bi^ (zq) is similar. First note 



that by Proposition l.i, zq is the unique element of 'H{M)f such that zo(eC/^) = 
Sw,wo- Thus, if l{w)-\-l{v) < N, we have Aj^{zo)(eCi^) = S^ ,j-i^,g. In other words, 
if we decompose Aj^ on the basis of the z/^, the coordinate on z/^ is S^^^y-i^^^ if 
l{v) + l{w) < N. Thus, the Ai^{zo) with l{w) < N — i can be expressed as 
linear combinations of the z/^ with l{v) > i and the matrix of their expressions 
is unitriangular up to a correct ordering of rows and columns and is therefore 
invertible. □ 

7.10. Proposition. Assume t is regular in R and R' , respectively endowed with 
formal group laws F and F' . Let f : R ^ R' be a ring morphism sending F to F' . 
Then the morphism f-^ : 'Hri {M)F — > Hn/ {M)f' introduced before Proposition \6.^ 
is actually a morphism of filtered rings. It satisfies 

Af'fn = fnAf and Bf' fn = fnSf 
for any sequence I . 

Proof. Both facts are clear by Point p|of |6.5| when the characteristic map is surjec- 
tive, and therefore when t is regular by extending scalars to i? □ 

Part 2. Bott-Samelson resolutions for oriented theories. 

8. Algebraic cobordism and oriented cohomology theories 

In the present section we recall the notion of oriented cohomology theory and the 
notion of algebraic cobordism following the book of Levine and Morel As 
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main examples of oriented theories we consider the Chow ring CH, Grothendieck's 
K" and connective if-theory k. 

8.1. According to [ p^ §1-1] an oriented cohomology theory h is a contravariant func- 
tor from the category of smooth varieties over a field k of an arbitrary characteristic 
to the category of graded rings satisfying the standard cohomological axioms: lo- 
calization, homotopy invariance and push-forwards for projective morphisms (see 
@, Def.1.1.2]). 



A universal theory Q, satisfying these properties was constructed in |13, §2] as- 
suming the base field k has characteristic 0. It is called algebraic cobordism. An 
element of codimension i in fl{X), i.e. in r2*(X), is additively generated by classes 
[Y X] of projective maps of codimension i from smooth schemes Y. 

For any map f:Xi^ X2 the induced functorial map /* : il.^{X2) ^ fl^{Xi) 
is called the pull-back. For a projective map /: Xi — > X2, there is a corre- 
sponding push-forward map /* : fl{Xi) — > fl{X2) shifting the cohomological de- 
gree by dimX2 — dimXi when Xi and X2 arc equidimensional and given by 

[Yi^Xi] ^ [Yi^Xi 4^2]. 

8.2. An oriented cohomology theory h comes with a formal group law F over the 
coefficient ring h(pt) such that 

F(c;(A),C^(/:2))=cJ(A®£2), 

where £1 and £2 are lines bundles on X and denotes the first Chern class in 
the cohomology theory h (see [^3[ Cor. 4. 1.8]). For f2, the associated formal group 
law U 

U{x,y) = X -\- y -\- aijX^y\ where 6 r2(pt). 

turns out to be universal. The ring of coefficients f2(pt) is generated by the coeffi- 
cients aij and coincides with the classical Lazard ring L. 

There is a canonical map prj, : £7 ^ h sending the coefficients of U to the corre- 
sponding coefficients of F, and hence inducing a morphism of formal group laws. 

8.3. Example. Consider the Chow ring CH(X) of algebraic cycles on X modulo 
rational equivalence. According to p^ , Thm. 4.5.1] the canonical map prcH '■ ^ — >■ 
CH induces an isomorphism fl C>5l Z ^> CH of oriented cohomology theories. In 
particular, prcH- ^ — ^ CH is surjective and its kernel is generated by L>o, the 
subgroup of elements of positive dimension in the Lazard ring. Observe that prcH 
restricted to the coefficient rings L — > Z = CH(pt) coincides with the augmentation 
map. The associated formal group law, denoted by Fq, is called the additive formal 
group law and is given by Fq{x, y) — x -\- y. 

8.4. Example. Consider the oriented cohomology theory K(A") = K°(X)[/3, /3~^], 
where K"{X) is the Grothendieck K° of X. Observe that K(pt) = Z[/3, /?-!]. Ac- 
cording to Cor. 4. 2. 12] the canonical map prK . fl ^ K sending [P^] to /3 induces 
an isomorphism il Z[/3, /3~^] K of oriented cohomology theories. The asso- 
ciated formal group law, denoted by Fp, is called a multiplicative periodic formal 
group law and is given by Ff^{x,y) = x + y — Pxy. 

8.5. Example. Consider a ring homomorphism L — s> Z[u] given by [P^] = —an ^ v 
and aij for (i,j) 7^ (1,1)- We define a new cohomology theory, called a 
connective K-theory, hy k — V, Z[w] (see ||l^, §4.3.3]). Its formal group law is 
denoted by Fy and is given by Fy{x,y) = x + y — vxy. Observe that contrary to 



Example B.4 the element v is non-invertible in the coefficient ring k(pt) = Z[u] 
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8.6. Remark. Avoiding the localization axiom one obtains a more general notion of 
oriented cohomology theory studied by Merkurjev in Q. In particular, he showed 
that taking the so-called 'tilde operation' of CH one obtains a theory CH, defined 
over a field of any characteristic, which serves as a good replacement for algebraic 
cobordism in all questions related with cohomological operations. Note that the 
Lazard ring L injects into the coefficient ring CH(pt). 

We come now to the following important property of an algebraic cohomology 
theory: 

8.7. Definition. We say that a cohomology theory is weakly hirationally invariant if 
for any proper birational morphism f : Y ^ X the push-forward of the fundamental 
class is invertible. 

8.8. Example. Any hirationally invariant theory, i.e. such that = Ix for 
any proper birational /: Y ^ X, is weakly birationally invariant. The Chow ring 
CH considered over an arbitrary field and the iiT-theory K considered over a field of 
characteristic provide examples of birationally invariant theories. According to 
]l3| , Thm.4.3.9] the connective if -theory k defined over a field of characteristic is 
universal among all hirationally invariant theories. In particular, the kernel of the 
canonical map L — >■ k(pt) is generated by differences of classes [X] — [X'], where X 
and X' are birationally equivalent. 

8.9. Lemma. For any smooth variety X over a field of characteristic 0, the kernel 
of the natural map r2"(X) — > CH"(X) consists of nilpotent elements if n > and 
is trivial if n — dim X . 

Proof. According to Rem. 4.5.6] the kernel is additively generated by products 
of the form ah, a G L~*, b G i > 0. Now the claim follows from the fact 

that = when j > diniAT. □ 

8.10. Corollary. Over a field of characteristic 0, any oriented cohomology theory 
in the sense of Levine-Morel is weakly birationally invariant. 

Proof. Consider the algebraic cobordism VI. Let / : F — > AT be a proper birational 
map. The element (ly) - Ix is in the kernel of the map QP(X) CH"(X). By 



Lemma B.9 the difference /"(ly) — Ix is nilpotent, therefore, /"(ly) is invertible 



The statement for an arbitrary theory follows by the universality of fi. □ 

9. A SEQUENCE OF SPLIT P^-BUNDLES 

In the present section we compute the oriented cohomology h of a variety ob- 
tained as a sequence of split P^-bundles. The main tool is the projective bundle 
theorem for h. Observe that all formulas are given in terms of pull-backs and push- 
forwards of fundamental classes. This invariant description will play an important 
role in the sequel. 

9.1. Lemma. Let X he a smooth projective variety over a field k. Let p: ¥x{£) — >■ 
X be the projective bundle of a vector bundle £ of rank 2 over X. Assume that p 
has a section a. Then there is a ring isomorphism 

h(Px(f))^h(X)[e]/(e'-ye), where i^a,{lx) andy=p*a*t 

Proof. Consider the canonical embedding 0£(— 1) — > p*£, where 0£{—l) is a 
tautological line bundle over ¥xi£) (see B.5.5]). Let C denote the quotient 
£/a*Osi-l). By Cartan formula (see ^ Def. 3.26.(3)]) we have 

cj(f ) = c;(a*0£(-l)) + c5(/:) and c^(£) = c',{rj*0£{-l)) ■ c',{C). 
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According to the projective bundle theorem (see [|6[ Thm. 3.9 and formula (17)]) 
applied to p, there is a ring isomorphism 

HPxiS)) c^HXm/{t-a}{t-b), 

where a = p*c5(ct*C'£(-1)), 6 =p*ct;(£) and t = 4{0£{-l)). 

Consider the elements £, — b —f t and y = b —p a, where F is the formal group 
law corresponding to h. Observe that by 2.2.9] ^ = c5(C'£(l) ®p*C) = ct*(1x) 
and by the very definition y = c\{p*i7*0£{l) ®p*C) = p*cr*^. 

Since changing i to ^ induces an automorphism of h{¥x{^)), we only need to 
prove the relation — = 0. Note that for any power series /, we may write 
f{x) — f{y) — {x~ y)f'{x, y) where /'(x, y) is again a power series. Hence, we have 
b-Ft = {b-Ft)-{t-Ft) = {t-b)f[{b,t) and {b -pt) - {b-F a) = {t- a)f!2{a,b,t) 
for some power series /( and Therefore 

-y)^{h -F t) {{b -F t) - {b -F a)) ^(t-b)(t~ a)f[{b, t)f^{a, 6, t) = 

and the proof is finished. □ 



9.2. Corollary. In the notation of Lemma 9.1 we have the following formula for 
the push-forward of the fundamental class 

p*(ipx(£)) = ^*(r' + (-FO"')- 

Proof By ||o|, Thm. 5.30] we have 

P*(lpx(£)) = (^*^ -F cr*a)~^ + {a*a -f cr*&)"\ 



where a* a and a*b are the roots of the bundle £ as in the proof of Lemma p.l . 
Since y = b —f a = p*cr*^ we obtain the desired formula. □ 

9.3. Theorem. More generally, let X be a variety obtained by means of a sequence 
of split ¥^-bundles, i.e. there is a sequence of varieties Xi, < i < N , starting 
from a point Xq — pt and finishing at X^ — X such that for each 1 < i < N 

p,: X,c^Fx,^AS^) ^ X,^i 

is a projective bundle with a section ai, where Si is some vector bundle of rank 2 
over Xi-i. Then there is a ring isomorphism 

h(Xjv)=ih(pt)[a,...,^Ar]//, 

where I is an ideal generated by elements {^f — yi^i}i=i...N , £.i = P*<^i*{^Xi^i), 
yi = p*Cj*Ci*(lXi_i) and p* denotes the pull-back on X^. 



Proof. Follows by induction using Lemma 3.1. □ 



9.4. Remark. Observe that the element yi appearing in the relations is not neces- 
sarily in h(pt). To obtain a complete answer in terms of generators ^i, . . . and 
relations with coefficients in h(pt) one has to express the elements yi in terms of 
the 'previous' generators ^i, . . . In the next section, we show how to obtain 
such an expression for Bott-Samelson varieties using the characteristic map. 

9.5. Example. Let X be as in Lemma By [|[ 3.2.11] we have the following 
formula for the total Chern class of the tangent bundle of Px(^'): 

c'iTr^is)) = c\p*rx) ■ c\0£{l) ®p*£). 
Since there is an exact sequence 

^ 0£{l)®p*a*0£{-l) Osil) ®p*£ ^ 0£{l) ®p*C 0, 
by Cartan formula we obtain 

c\0£{l) ®p*£) = c\0£{l)®p*C) ■ c^(0£(l) ®pV*0£(-l)). 
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Since ©^(l) (g) p*cr*0£:(-l) = {0£{l)®p*C) ® {p*a*Os{-l) ®p*C'), we obtain 
that 

c\%,i£)) - c\p*Tx) • (1 + • (1 + ~F y)). 
More generally, for Xn from Theorem |9.3| we obtain by induction 

AT 

(4) c\Tx„)^X{{l + i^){l + {i^-Fy^)). 

i=l 

10. An elementary step of the Bott-Samelson resolution 

We apply the results of the previous section to compute an oriented cohomology 
of a split P/B = P^-bundle, where P is a semi-direct product of a split reductive 
linear algebraic group of semisimple rank one and a connected unipotent group, 
and i? is a Borel subgroup of P. This example appears as an elementary step in 
the construction of a Bott-Samelson variety. 

10.1. Consider a split connected solvable algebraic group B over a field k. Let 
T denote its split maximal torus. Let X be a scheme on which B acts on the 
right such that the quotient X/B exists and X X/B is a principal i3-bundle. 
Let M denote the group of characters of T. Each character A G M extends to a 
one-dimensional representation V\ of B and, hence, defines a line bundle £(A) over 
X/B whose total space is the fiber product X x^V\, i.e. the quotient {X Xk V\)/B 
by means of the right _B-action {x,v)b = {xb,b^^v) (see [|[ Ch.l §3]). 

10.2. Definition. Let h be an oriented cohomology theory and let F be the cor- 
responding formal group law over the coefficient ring R — h(pt). We define a ring 
homomorphism c: i?[[A/]]i? ^ h{X/B) from the formal group ring _R[[A/]]i? to the 
cohomology ring b{X/B) by sending a generator x\ to the first Chern class Ci{C{X)) 
of the line bundle C{X). This map is well-defined since all Chern classes are nilpo- 
tent and satisfy c5'(/:(A-h/i)) = c"i{C{X) (g) C{n)) = c5(£(A))-t-Fct;(£(^)). It is called 
the characteristic map. 

10.3. We follow the notation of [0, §2]: Let P be a semi-direct product of a connected 
unipotent group U and a reductive split group L of semi-simple rank 1. Let T be 
a maximal split torus of L and let M denote its group of characters. Let a be the 
one of two roots of L with respect to T, let Ua be the corresponding unipotent 
subgroup and let P = T •[/„•[/ be the Borel subgroup of P containing T. Let 
Sa(A) = A — a^(A) • a denote the reflection corresponding to the root a. 

Consider the fibered product X' = X P, i.e. the quotient {X x^. P)/B by 
means of the P-action (x, h)b = {xb, b^^h). By definition, X' is a principal P-bundle 
over X/B, all fibers of the canonical projection p: X' / B X/B are isomorphic to 
P/B ~ and there is an obvious section cr: X/B — > X' /B given hy x ^ (x, 1). 
According to Exrc. 7.10.(c)] there exists a vector bundle £ of rank 2 over X/B 
such that X' /B can be identified with the projective bundle Vxib{£)- 

10.4. Remark. Observe that in §2] instead of the quotient X' / B the author 
considers the quotient of X' modulo the opposite Borel subgroup P'. This doesn't 
change much, since there is an obvious isomorphism i: X' /B — > X' / B' induced by 
an automorphism of X' sending the class of {x,p) to the class of {x^pria), where 

is an element of P representing the reflection Sa. In particular, for any character A 
we have i*C'{\) = C'{sa{X)), where C'{X) (resp. £'(sq(A))) is the line bundle over 
X'/B' (resp. over X'/B). 



10.5. Applying Lemma 9.1 to the projective bundle p: Px/b{£) ^ X/B with the 
section a we obtain an isomorphism 

h{X'/B) ~ h{X/Bm/{e - yC), where ^ = a,{lx/B) and y^p*a*^. 
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10.6. Lemma. We have a*£, — Ci{C{—a)) ~ c{x^a)- 

Proof. By definition of the push-forward we have ^ — c^{0{D)), where 0{D) is 
a hne bundle corresponding to the divisor D — a{X/B). The first equality then 
follows from §2.5 Lem. 3]. The second one follows from the definition of the 
characteristic map c. □ 

10.7. Corollary. We have y = p*cr*^ p*c{x^a)- 

10.8. Lemma. Consider the characteristic map c' : i?|lAf|i? h{X'/B). For any 
u G i?|M|i?, we have 

(1) cr*c'(u) = c(u) and (2) c'{u) ^ p*c{sa{u)) + p*c{A-a.{u)) ■ ^ 

Proof. By §2.5 Lem. 1 and Prop.l], for any character A G M, we have two 
equalities 

C7*C'{\) = C{X) and C is^{X)) ^ p* (CiX)) (x) 0{D f^°''' '•^l 

where £'(A) is the corresponding line bundle over X' / B and 0{D) is a line bundle 
corresponding to the divisor D = cr{X/B). 

By the first equality, formula (1) holds for u — x\. It therefore holds for all 
u G R[M]f and then for all u G i?p/]]F by continuity. 

By the second equality, we have for u ~ x\ 

c'(^s„(A)) = P*c(xa) +f (a^(A)) -F 

Note that for any power series g(^) in a variable ^ we may write g{£) = g{Q)+£,-g' {C)^ 
where = (5(C) — 5(0))/C is again a power series. Since, = we have 

= 5(0) + C-3'(y)- Applying this to g{£,) ^ p*c{xx)+F {\) -fS. and observing 
that g{0) —p*c{x\) we obtain 

whcrcg{y) = p*c{x\+FOt^ {X)-FX-a) = p*c(xs^(;^)) by Cor. 10.7 . Then by definition 
of the operator A_c we obtain g'{y) = p*{—A_a{xx)) and, hence, c'{xs^^)^i) = 
p*c{x\) — p*c(A_c((a::A))C- Since A applying Sa to u we obtain 

<^'{X\) ^p*c{Sa{xx)) +P*c{A_aixx)) ' 

For general u formula (2) then follows by induction on the degree of monomials and 



by continuity, using Prop. 3.S.([D and ^ = y^. □ 



10.9. Remark. Following Remark 3.7, the second formula would look simpler with 
the other definition of A^. 

10.10. Proposition. The following formulas hold for any u G i?|M]F 

(1) P*{lx'/B) = t{C, (3) p*(c(aH)) -c'(C„H), 

(2) p,(c'H) =c(C„(u)), (4) p*p,{t'{u)) = c'{C^{u)). 



Proof. The first formula of the proposition follows from Corollary 9.2 applied to the 



projective bundle p: X' /B — > X/B where we identify cr*^ with t{x-a) according 



to Lemma 10.6 



By point (2) of Lemma 10.8 and the projection formula we have 

p*{c'{u)) = c(sa(u)) ■P*{Ix'/b) + c(A_„(u)) -p^iC) = 

By the first formula and the fact that — P*{<^*{^x/b)) — ^x/b it can be 

rewritten as 

c(s„(m)) • c(Ca(l)) + c(A_„(u)) = c(sa(u)C„(l) + A_„(u)) 
Using the definition of and point (||) of Proposition ^.12 we finally obtain 



c{Sa{u) ■ Ca + A_q(u)) = c(C_q (u))) = c(Cq(u)). 
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This proves the second formula. 

The third formula follows from point (2) of Lemma 10.8 and the fact that 
C-a^-a — (see (6) of Prop. ^.12 ). The last formula is obtained by the com- 
posite of the second and the third one. □ 



11. Bott-Samelson varieties 

In the present section we compute an oriented cohomology of Bott-Samelson 
varieties. For definition and basic properties of Bott-Samelson varieties, we refer to 
papers §, [0 and [|. 

11.1. Let G be a split semisimple linear algebraic group over a field /c, let T be a 
split maximal torus of G and let T C S be a Borel subgroup. Let {ai, a2, . . . , 
where n is the rank of G, be a set of simple roots of G. Let Pi be a minimal 
parabolic subgroup corresponding to a simple root a^, i.e. the subgroup generated 
by unipotent subgroups C/q^. , 1 < j < n and U^^i- 

11.2. Definition. For an /-tuple of integers / — (ii, 12, ■ ■ ■ with 1 < ij < n, we 
define a variety Xi to be the fiber product 

If / = 0, then we set = pt. 

Observe that there is a natural right action of B on Xj, the quotient Xj/B 
exists and Xj Xj/B is a principal i?-bundle. The variety Xj/B is called a 
Bott-Samelson variety corresponding to /. 

11 .3. L et J — (ii, ... , ii-i). Then Xj = Xj Pi^, and we are in the situation 
of 10.3 for P — Pi^, a — a^, X' — Xj and X ~ Xj. In particular, the projection 
map 

PI : Xi/B -> Xj/B 

has a structure of a P^-bundle with a section denoted by cr/. 

Observe that the structure map tt/ : Xj/ B — > pt can be written as a composite 
of projection maps 

Xi/B ^ ^ . . . ^ ^ 

Hence, the variety Xj/B is obtained by means of a sequence of split P^-bundles. 

According to 10. 1| for an oriented cohomology theory h with a formal group law 
F there is a well-defined characteristic map 

cr. RlMiF^HXi/B), 

where i?[[M]]i? is the formal group ring of the group of characters M of T. Ob serve 
that C0 = e is the augmentation map. Applying Theorem 9^ and Corollary 10.7 
we obtain an isomorphism 

(5) h{Xj/B) ^ h(pt)[6,6, • • • - 

where yj = p*C(ij....^i^_j)(a;^Q. . ) and p* denotes the pull-back to h{Xi/B). 

11.4. Theorem. Let Xi/B be the Bott-Samelson variety corresponding to an l-tuple 
I — (ii, . . . ,ii) . For any subset K of [1,1] we define 



S^K — W £.j and Qk = 6i • • ■ 6z, where Qj 




if 3 e K, 
otherwise. 
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Then the elements ^k, where K runs through all subsets of [1, /], form a basis of 
the free h{pt)-module h{Xi/B). As a ring U(Xi/B) is a quotient of the polynomial 
ring h(pt)[^i, . . . ,^;] modulo the relations 

A'C[lj-l] 

Proof. The fact that h{Xi/B) is a free h(pt)-niodule with a basis £,k foUows by 
the projective bundle theorem, since Xj/B is obtained by means of a sequence of 
split P^-bundles. To obtain the relations, we first use Lemma 10.§| .(2) to prove by 
induction that 

(6) C(^^^,...,i,)iu) = <^^Kiu)^K- 

AC[1J] 

Using this we then compute yj and plug the result into the formula (^). □ 

The following lemma provides a formula for the push-forward of the structure 
map TTj : Xj / B — ^ pt: 

11.5. Lemma. Consider the variety Xi/B for a tuple I — For any 

u G i?|lM]]i? we have 

7r/*(c/(u)) = eC/(u), 



where Cj = Cai ■ ■ ■ Cai is the composite of operators defined in 3.11 



Proof. Decomposing the structure map as tt/: Xj/B ^ Xj/B ^ pt, where J 
(«!,..., and applying Prop. 10.10| .(2) we obtain 



7r/*(c/(u)) = 7rj*p/*(c/(u)) = ttj* (cj(Ca, (u))) . 

Repeating this recursively for the structure map tt j : Xj /B ^ pt and so on, we 
obtain the desired formula. □ 

12. BOTT-SAMELSON RESOLUTIONS 

In the present section we discuss the relations between Bott-Samclson varieties 
and Schubert varieties on G/B. 

12.1. According to Bruhat decomposition the variety of complete flags G/B is a 
finite disjoint union of affine spaces G/B = Yiwew BwB/B, where W is the Weyl 
group of G. The closure of a cell BwB/B is denoted by X^^ and is called a Schubert 
variety. Observe that X^, is not smooth in general. 

Let w — Si-^Si^ . . . be a (reduced) decomposition into a product of simple reflec- 
tions (here si denotes Sq.) with I — l{w) being the length of w. The multiplication 
map induces a morphism 

qi : Xj/B G/B, where / = (ii,i2, ■ • ■ ,«/)• 

By the results of 0, Ch. 3] (see also 0, §1.7] and |, §4]) this map factors as 
qj: Xi/B — > X^ ^ G/B, where the first map is surjective birational and the 
second is a closed embedding. Furthermore, when J is I with the last entry removed, 
we have qj o ai — qj. 

12.2. Lemma. Consider the characteristic map Cg/b- ^^[-^^If U(G/B). For any 
u G i?[[M]]i? we have 

q*i{^G/B{u)) = ci{u). 

Proof. By definition of the map qi and the bundle £{X) we have q}{C{X)) = jCi{X), 
where C{X) (resp. >C/(A)) is the line bundle over G/B (resp. over Xi/B) correspond- 
ing to a character A. Hence, q*j{tG/B{x\)) — Ci{x\). For a general u it follows by 
continuity. □ 
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Let Wo be the element of maximal length in W and let X ~ Xj^/B be the 
Bott-Samelson variety where Iq is a reduced decomposition of wq. 

12.3. Lemma. Assume that h is weakly hirationally invariant. Then the pull-hack 
Qj^ is injective. 

Proof. Since our theory is weakly birationally invariant, the push- forward of the 
fundamental class g/o*(l) is invertible. The lemma now follows by projection for- 
mula. □ 

12.4. Theorem (cf. [|, Prop. 3]). Assume that h is weakly hirationally invariant. 
Consider the quotient map pi: G/B — > G/Pi, where 1 < i < n. Then for any 
u £ R.^M1p we have the equality 

P*iPi*{<^G/B{u)) = CG/B(Ca.(u)) 

Proof. We choose a reduced decomposition /q of wq in simple reflections such that 
the last reflection is Si. Let J be the same tuple without the last entry. Consider 
the Cartesian diagram 

(7) XiJB^Xj/B 

Ho 

G/B G/P^ 

Since the horizontal map pi is smooth, the diagram is transversal. Since qj^ is 



injective by Lemma 12.3, it is enough to prove the equality after applying q'^^ to 
both sides. By base change and by transversality of the diagram we have 

<lloP*Pi*{'^G/B{u)) ^ p}„{Pi o qj)*Pi*{cG/Biu)) ^P%Plo*qio{<^G/B{u)) 



By Lemma and by Prop. |10.10| .(4) we obtain 



= P/oP^o*(c/o(")) = C/o(Ca.(M)) = qt{cG/B{Ca,{u))) 

and the theorem is proved. □ 

Part 3. Algebraic and geometric comparison. Applications. 

13. Comparison results 
In the present section we explain why the ring H (M) p is naturally isomorphic 



to the ring h*(G/i?) (see 13.12) for most weakly birationally invariant theories. 

13.1. Let / be a sequence of simple reflections. Recall that w{I) — Si-^ ■ ■ ■ Si^ is the 
corresponding product of simple reflections. Let 

C/ = (g/)*(l) e h*(G/B) 

denote the push-forward of the fundamental class of the Bott-Samelson variety 
corresponding to /. 

13.2. Assumption. For each element w G VF, let be a chosen reduced decom- 
position of w. The elements C/„ i where w runs through all elements of the Weyl 
group W , form an i?-basis of the cohomology W{G/B). 



13.3. Lemma. Assumption 13. i holds for 

(1) any oriented cohomology theory = ^Q®RaRi obtained from another one 
hg for which the assumption already holds; 

(2) Chow groups and Chow groups mod n (in arbitrary characteristic) ; 

(3) algebraic cobordism, and therefore all oriented cohomology theories over a 
base field of characteristic zero; 
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(4) K -theory (and K -theory mod n) in arbitrary characteristic. 

Proof. Point is obvious since a free module stays free by base change. For Chow 
groups and K-theory, this is classical and for example proved in Q. For algebraic 
cobordism, since G/B is a cellular space and classes of Schubert varieties form a 
Z-basis of CH{G/B), the lemma follows from Cor. 2.9]. □ 

We consider the characteristic map Cq/b : RlM^p — > h*{G/B). 

13.4. Lemma. Let tt: G/B — > pt be the structure map. For any sequence I and 
u G we have 

7r*(C/ • Cg/b(")) = tCi{u). 
Proof. The projection formula and Lemma |11.5| imply that we have 
7r*(C/ • Cg/s(")) = 7r,((7/,(l) ■ Cg/b{u)) = TT^qi^qj{cG/B{u)) = 7r7,(c/(M)) = eCi{u). 

□ 



Recall from Definition 6.1 that we also have an algebraic characteristic map 
c : RlMiF ^'HiM)F. 

13.5. Lemma. Assume the torsion index t is invertible in R and that Assumption 



13. i is satisfied. Then, there is a unique morphism 9 : 'H(M)p h*(G/B) of 



R-algebras such that Cq/b ^ 9 o t. 

Proof. We fix a reduced decomposition lyj for each w G W . By |6.4|, the map c is 



surjcctive. We can therefore find a pre- image of each element of Theorem 3^ . 
By the form of the characteristic map given there, these elements satisfy eC/„ {u^) = 
5w,v Let us set tj^ — Cg/b{i>-w)- By the previous lemma, {tj^)^^w is a basis of 
\\*{G/B) that is dual basis to the basis {C,i^^)w£W with respect to the bilinear form 
r) H' TT, (C.r), and this form is therefore nondegenerate. We now define 9 as the 
i?-linear morphism sending z'f^ to t/^^. By the formula 7r»(C/^„.CG/B(ii)) = eCi^^{u), 
we must have 

(8) Cg/b(u)= ^ eCzJu)r,„ 

and the isomorphism 9 therefore satisfies Cq/b — 9 oc since the zf^ satisfy the same 
formula with c. The uniqueness of 9 is immediate by surjectivity of c. □ 



13.6. Corollary. When t is invertible in R and Assumption 13. i holds, the char- 
acteristic map Cg/b is surjcctive. 



Proof. Use Theorem 3.4 and the previous lemma. □ 



13.7. Cor ollary. When i is invertible in R which has no 2-torsion and Assump- 
tion 13. i holds, the kernel of the characteristic map Cg/b is the ideal of R\M\p 



generated by elements in I fixed by W . 



Proof. Use Theorem 3.9 and the previous lemma. □ 

Let G be chosen as in section ^. 
13.8. Lemma. Let L^ be a reduced decomposition of an element w. Then 

, , / ifw^wo 
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Proof. Wc have ■ Cc/b{uq) = 9/„*(c/„ (wq)) by the projection formula and the 
fact that Qj^Cc/B — By formula (||), c/^(uo) = if /(/„,) < N i.e. if w ^ wg. 
This proves the first part of the formula. The other case will follow if we show that 
~ ^ ~ ^w=^wo ''"■wOu, for some coefficients in R. For this, it suffices to show 
that the coefficient r^^ in front of in the decomposition of 1 on the basis of 
the (i^^ is 1. We have the commutative diagram 

Ho 

U — ^G/B^ 

where Iq is any reduced decomposition of wq, I' is Iq with its last entry removed, 
a is the section of pig, U is the big open cell in G/B and U' is its pre- image in 
Xjg/B. By 1^, §3.10 and 3.11], U' is indeed isomorphic to U and it is included 
in the complement of aXji /B. Thus, «^,(t* = 0, using that Xi^jB — > Xp jB is a 
projective bundle. By base change on the cartesian diagram, we obtain ilfQi'* — 
and i^g/p*(l) = 1. Since any Iw can be completed to a decomposition of wo, this 
proves that ijjiCi^^) ~ if w ^ wq. Pulling back 1 — J2w''^'^^i^ 't^' 



□ 

iu 




1 



(by homotopy invariance, h*(C/) ~ R). 



□ 



13.9. Lemma. We have 

tC0 = CG/B(uo) and i C/ = Cg/s (C/-- ("o)) • 
Proof. Let — {ii, . . . ,1^). With the notation of Theorem [11.4 , we have 

= 9/^^o*(1)'^g/b(wo) = Cg/b(uo) 
where the two last equalities follow from the projection formula together with 
Qi ^G/B — C/u, E^iid then Lemma 13.8. For the second formula, which coincides with 
the first one when / is empty, we use induction on the length of/. If / — . . . , i/) 
and J = (ii, . . . , ii-i), then by base change via diagram we obtain 

i-Ci =t -g/^l) = t-9/*P/(l) = ^-PliPti = PlPti*{i- Cj), 

By the induction step and Theorem 12.4 we obtain 

^ PlPii*{<^G/B{Gj'<--^{uo))) = CG/B{Gai^ oCjrov(Mo)) = Cc/iS (C/rcv (uq)) 

and the proof is finished. □ 

13.10. Lemma. Under the assumptions of Proposition 13. t , we have ^0 — r/^ . In 
particular, tj^^ does not depend on the choices of the reduced decompositions 1^ . 

Proof. By definition of the dual basis (tjYuj^Wi it suffices to show that we have 
■""♦(C/™ ■ Co) = SwQ.w- By lemmas 13. 9| and 13.4 , we have 

Let Ai denote the operator p*{pi)* on h*{G/B) and let Ai be as usual for a 
sequence /. 



13.11. Lemma. The isomorphism 9 of Lemma 13. t satisfies OAj = AjO and there- 
fore sends the Ai^{zq) to the ^4/^(^0). 

Proof. It follows from the surjectivity of the characteristic map, the fact that 6'oc = 
Cg/Si Theorem 12.4 and Proposition l.i point (|l]). □ 



We can now show that the isomorphism 9 of Lemma 13.5 descends to the case 
where t is regular but not necessarily invertible. 
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13.12. Theorem. Let h* be a weakly birationally invariant theory satisfying As- 
sumption 13. i and such that i is regular in R ^ h*(pt). Then there is a unigue 
isomorphism of R- algebras 9 : 'H{M)f — ^ h*{G/B) such that the characteristic map 
tQjB is given by 6 o c. R satisfies 6 o Aj = Aj o 0. 



Proof. We kno w from 7.9 that the Ai^{zq) are a basis of 'H{M)p and from As- 
sumption 13.2 that the are a bas is of h *{G/ B). We define 9 as the isomorphism 
sending Ailzo) to Q^. By Lemma 13.11, this definition coincides with the one of 
Lemma 13.5 when t is invertible in R. We therefore have a commutative diagram 



H{M)F®RR[i-^] 



H{M)i 



0®id 



h*{G/B) ®Ki?[r 



h*{G/B) 



where 9(i)id is the 9 of Lemma 13.5 and the vertical maps are injective since % {M) p 
and h*{G/B) are free i?-modules and R injects in i?[t~^]. Since ah other maps are 
ring morphisms, 9 is one too, and the required equalities follow from the same ones 
in the case where t is invertible. The morphism 9 is unique since it is unique after 
inverting i. □ 

13.13. Remark. Note that the morphism 9 is independent of the choices of the /„, 
used in its construction. This is obvious by surjectivity of the characteristic map 
after inverting t. 

This completes the identification of T-L{M)f, the algebraic model for the coho- 
mology ring introduced in section ^, with the actual cohomology \n*{G/B). 

14. Formulas for push-forwards 

In the present section we assume that t and 2 are regular in R. Note that 
given a formal group law F, both i?|Af]i? and 'H{M)p can be defined without any 
reference to a cohomology theory. The goal of this section is to define an "algebraic 
push-forward" tt-^ : T-L{M)p R and to prove formulas related to it. Of course, 
when the formal group law comes from a cohomology theory, we prove that the 
morphism tt-^ corresponds to its geometric counterpart tt^ : U(G/B) R through 
the isomorphism 9: 'H{M)p ^ h*{G/B) from Theorem [13.12 . The general idea of 
the proofs is to use that there is a universal formal group law U over the Lazard ring 
L, and therefore that such formulas can be proved in 'Hi,{M)u, where they hold for 
geometric reasons, using algebraic cobordism. Then, they hold in any 'H{M)p by 
specialization (even if it has no geometric origin). 

14.1. Recall that since {U, L) is the universal formal group law, for any given formal 
group law F over a ring R, there is a unique morphism f :l, ^ R sending U to F. 



By Lemma 2.6 and Propositions |6.5| and 7.10, there is a commutative diagram 



fn 



■Hr{M)p 



RWip- 

Furthermore, the morphism /-^ commutes with the operators Aj and Bj and sends 
Zq to Z(f by definition. Therefore, it sends A^ (zq) to Af{zQ') for any sequence I. 

Let {Iw)wi£W be a choice of reduced decompositions, 
elements (A/^ (zo))M)eVK form an i?-basis of T-L{M)p. 



Then, by Prop. 7.9, the 
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14.2. Definition. Let tt-h : TL{M)p — > i? be the i?-linear morphism defined by 

14.3. Proposition. We have 

(1) for any morphism f : R ^ R' of rings sending a formal group law F to F' , 
we have tt^ = tt^ o f-^ . 

(2) Assume that h is an oriented cohomology theory satisfying the assumptions 
of Theorem 13. li, in which the isomorphism 6: T-l{M)p ^ \r\*{G/B) is 
defined. Then the morphism tt-^ satisfies tt-h o = 9 o -k^. In other words, 
the morphism tt-u is an algebraic replacement for the push-forward tt* . 

Proof. Since fniAf {zq)) = Af {zq ), (|l|) follows from the definition of tt-^. Since 
the basis of h{G/B) formed by the C,j^ and the basis of H{M)p formed by the 
(zq) corresponds to each other through the isomorphism 9, (||) follows from 



Lemma 



13.4 



□ 



14.4. Corollary. For any sequence I the morphism tt-^ of the proposition satisfies 

7r«(A/rcv(zo)c(u)) ==eC/(w). 
In particular, it is independent of the choice {Itu)wew of reduced decompositions. 



Proof. By Proposition 14. 3. (g) and by Lemma 13.4, the formula holds for 'Hh{M)u. 
In general, it reduces to the case where t is invertible. When v G -RJM]^, we 
have eCi{vu) = e{v)eCi{u) and c{vu) — e{v)c{u) so by decomposing u on the 
C/„(mo), which form an i?|{M|^-basis of i?|lM|i?, it suffices to prove the formula 
for u = Ci^ (wo)- For those, it follows by specialization using f-u from 'Htl{M)u- D 

14.5. Remark. Note that the elements 7r^(A7rcv (zg)) are particularly important 
because they represent the images of desingularized Schubert varieties in the coho- 
mology of the point. 

14.6. Proposition. The morphism tt-^ satisfies 

In other words, the bilinear form it-h{—, —) is nondegenerate and the bases {zf^) ^^^^ 
and {Ai'^v (zq)) are dual to each other. 

Proof. The formula can be computed after extending scalars to R [t^^]- Then, 
since the characteristic map c is surjective, the elements zf have preimages u^, 
such that eCi^{uw) = <5u,m, by th e expression of c given in Theorem 3.2. The result 
then follows from formula ( 14.4 ). □ 

Let Iq be a reduced decomposition of the longest element wq. When t is in- 
vertible, the element yo — C /rcv(uQ)/t is invertible (by Lemma 5^), and c{yo) = 



Ai^'=-'{zo) by Proposition [7.8 



14.7. Lemma. When t is invertible in R, the morphism tt-h satisfies 

7r?^(c(M)) = eC/o ^) . 

Proof. We have 

7rw(c(u)) = 7r-H(c(u2/(7^)c(yo)) = T:H{c{uyQ^ Ajr^. (uq))) = eCi^{uyo^). □ 

14.8. Proposition. The operators C satisfy the formula 

eCi{uCj{uo)) = eC,7.cv(uC/.cv(uo)) 

for any pair of sequences I and J. In particular (u = 1, J = 0j, for any sequence 
I, we have eC/(uo) = eC/rov(uo). 
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Proof. The formula can be proved after extension to i? [t ^] . It then follows from 
the computation of tt-u in formula ( |14.4D applied to both ends of 

Ajr..{zo)c{uCjiuo)) = tc(C/,cv(uo)MCj(wo)) = c{uCr..{ua))Aj{zo). □ 

14.9. Remark. The formulas given in this section are purely algebraic, but their 
proofs use geometric properties of cobordism. It would be interesting to have alge- 
braic proofs derived directly from the various formulas in section ^ 

15. Algorithm for multiplying in h*{G/B) 
Fixing a choice of reduced decompositions 1^ for all w G W, we define t/ as 



15.1. Proposition. Under the assumptions of Theorem 13. li, the bilinear form 
{b,a) ^ ■K^,{b ■ a) is non degenerate on h*{G/B) and for any choice of reduced 
decompositions , the basis (Q^ ) and (ti^ ) are dual to each other. 

Proof. The form can be computed after scalar extension to in which case it 



follows from the proof of Lemma 13.5. □ 



Now the multiplication algorithm goes as follows: Substituting u = C/™v(ito) in 
(^) and using that t = Cc/s ((^72=^(^0)) we obtain the transition matrix from 
the basis (C/„) to the basis (t/^). Substituting u — C/j^ov (uo)C/rov (uq) in (||) we 
obtain the decomposition of the product C/™ C/„/ on the basis (t/^ ) , and we rewrite 
it in terms of the by using the transition matrix. This also explains how to 
decompose any (j {I not necessarily reduced) on a given basis of C/„- Again, it 
suffices to substitute u — C/(mo) in (H) and use the transition matrix. 

15.2. Remark. Note that this algorithm is an improvement over the one in Q or 
]l^ in the following sense. In both of these articles, it is explained how to de- 
compose a product of two generators Q and (j as a linear combination of other 
such generators. But starting from a basis (i.e. the C/^ for a choice of a reduced 
decomposition for each w S VF), it is not explained how to obtain a linear com- 
bination containing only generators C/ with / among the 1^ and an algorithm for 
redecomposing any given Q on a chosen basis is not given either. This is crucial to 
compute multiplication tables. 



16. Landweber-Novikov operations 

In this section we provide an algorithm for computing the Landweber-Novikov 
operations S^^ on n*{G/B). 

16.1. Let us recall briefly the definition of S*^^ (details can be found in [|l^ § 4.1.9]). 
Consider a graded polynomial ring Z[t] — t2, ■ . ■ ,tk, . ■ .] in infinite number of 
variables; for a multi-index I — {ii,i2, ■ . ■ ,ik) we set 

=t\H^2^ ...t[^. 

Let A(t) denote the formal power series 

00 

i=l 

Consider a twisted theory of il[t] = fl ®z Z[t] (see [|lj, §4]). By definition 
i}{X) = 57(A")[t] for any X, its Chern class is given by the formula 



(9) 



c[\C) = X(,^{c[\C)), 
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and its formal group law is given by 

F{x,y) ^ X^t){U{Xl,]{x),Xl,]{y))). 

By the universality of O there is a natural transformation 17 — )■ given by 

I 

where the components Sj^ are called Landweber-Novikov operations on n{X). 

16.2. By functoriality of i^p/jF in R (see ^) the map L ~ n{pt) n{pt) ~ L[t] 
induces a homomorphism 

while functoriality with respect to formal group laws induces a homomorphism 
By we have the following commutative diagram: 

n{G/B) ^ n{G/B) ^ n{G/B)[t]. 

16.3. An action of the Landweber-Novikov operation Sj'^ on a basis element C/^ 
can be computed as follows: First, we compute the image of u = C/rcv (uq) under 
the composition of top horizontal arrows. Second, we extract the coefficient at the 
monomial of this image. Finally, we apply the characteristic map to that 
coefficient. The result will give >S'f^(C/^). 

Indeed, by definition S'f ^(C/„, ) is equal to the coefficient at of the image of 
under the composition of bottom horizontal arrows. Since t C,i — CG/s(C/rov(uQ)) 
and by commutativity of the diagram we are done. 

17. Examples of computations 

In the present section we list the multiplication tables for rings ft*{G/B), where 
G has rank 2. The results are obtained by means of the algorithm described in 



Section 15 and realized in Macaulay 2 packages [|6[. The answers for the other 
oriented cohomology theories are easily derived by a specialization of the coefficients 
of the universal formal group law. For instance, the answer for connective X-theory 
is obtained by specializing the coefficient oi to v and all others to zero. 

17.1. We use the presentation of the Lazard ring 

L = Z[ai, 02, . . .], 

where the first generators Oj are the following linear combinations of the coefficients 
ttij of the universal formal group law U: 

01 = On; 

02 = ai2; 

0-3 — 022 — O13; 

04 = 014; 

05 = — 9ai5 + 024 + 2033. 

Note that the o^ (resp. the Qij) are of cohomological degree —i (resp. oi_i_j). For 
root systems of rank 2, the longest element is of length at most = 6 (in the G2 
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case), and we therefore need to compute the universal formal group law up to order 
7, which thus only involves ai, . . . , ae. In fact, ag does not appear in the formulas: 
it is not difhcult to show that ajv will not appear in the multiplication formulas for 
a root system with longest element of length N. 

17.2. We use the upper case letter Q for the element Q ~ ?/*(!) ■ For brevity Q 
with / = (ii, . . . , i;) is denoted just by Qi-.-in ^-nd when / is the empty sequence, 
C/ is denoted by pt. Note that when l{w) + l{w') > N = dimG/B one has 

so we list the remaining cases only. 

17.3 {A2 case). 

C121 = 1 + 0,2(1'-, 
C12 = C2; 

C2i = Ci; 

C12C21 = Ci + C2 + aipt. 
This agrees with the computations of Hornbostel-Kiritchenko in . 

17.4 {B2 case). 

C1212 = 1 + 2a2Ci2 + (as - aia2)C2; 
C121 = C21; 
C212 = 2^12 + 0,1(2; 
C121C212 = C12 + C21 + aiCi + aiC2 + (2a2 + a^)pt; 
C121C12 = Ci + C2 + aipt; 
C121C21 — Ci; 
C212C12 = C2; 

C212C21 = 2Ci + C2 + 2aipt. 

17.5 (G2 case). 

C121212 = 1 + 4a2Ci2i2 + (lOas - 10aia2)C2i2 

- (4a4 + 9ai03 + 3ol — 9aia2)Ci2 

- (54o5 - 459aia4 - 1188a2a3 - lOSa^ag + lOSOaia^ + 108a!^a2)C2; 
C12121 = 3C2121 + 3oiCi2i + (13a2 + 2al)C2i + (203 + 7aia2 + aJ)Ci; 

C21212 = C1212 + 502(12 + (603 - 5aia2)C2; 
C12121C21212 = C1212 + C2121 + aiCi2i + aiC2i2 + (802 + a^)Ci2 + (802 + aJ)C2i 
+ (4a3 + 8aia2 + a^J)Ci + (lOag + 6aia2 + ol)(2 
+ (— 4a4 + oia^ + 13a2 + 15aja2 + ai)pt; 
C12121C1212 = C121 + 3C212 + 4aiCi2 + 3aiC2i + (802 + 4ai)Ci + (13a2 + 5a^)C2 

+ (03 + 160102 + 5ai)pt; 
C12121C2121 = 2Ci2i + 201C21 + (4o2 + af)(i; 
C21212C1212 — 2C212 + aiCi2 + 4a2C2; 

C21212C2121 = C121 + C212 + aiCi2 + aiC2i + (5o2 + o^)Ci + (802 + 01)^2 

+ (803 + 60102 + a?)pt; 
C12121C121 = 3C21 + 2oiCi; 
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C12121C212 


= 2Cl2 


+ C21 + 2aiCi 4 


- 3aiC2 4 


(4a2 4 


- 3a^)pt; 




— Siz 1 


^S>21 ^(^iSti ^ 


- 2(71 ('o 4 


f4(7o 4 


- 2o?'>nt- 


C2I2I2C2I2 


— S12i 










'3I2I2 


OA 

— ^<,12 


+ ai',2: 








>2 

^2121 


= 2C21 


+ fliCi; 








C12I2C2I2I 


= 2Cl2 


+ 2C21 +3aiCi 


+ 4aiC2 


+ (4a2 


+ 4a2)pt 


C12I21C12 


= Cl + 


3^2 + 3aipt; 








C12I21C2I 


= Ci; 










C2I2I2C12 


= C2; 










C2I2I2C2I 


= Ci + 


C2 + aipt; 








C12I2C12I 




f 3C2 + 4aipt; 








C12I2C2I2 


= C2; 










C2I21C12I 


= Ci; 










C2I21C2I2 


= Ci + 


2C2 + 2aipt. 
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